
2 LIMITS

2.1 Limits, Rates of Change, and Tangent Lines

Preliminary Questions
1. Average velocity is equal to the slope of a secant line through two points on a graph. Which graph?

SOLUTION Average velocity is the slope of a secant line through two points on the graph of position as a function of time.

2. Can instantaneous velocity be defined as a ratio? If not, how is instantaneous velocity computed?

SOLUTION Instantaneous velocity cannot be defined as a ratio. It is defined as the limit of average velocity as time elapsed shrinks
to zero.

3. What is the graphical interpretation of instantaneous velocity at a momentt D t0?

SOLUTION Instantaneous velocity at timet D t0 is the slope of the line tangent to the graph of position as a function of time at
t D t0.

4. What is the graphical interpretation of the following statement? The average rate of change approaches the instantaneous rate
of change as the intervalŒx0; x1� shrinks tox0.

SOLUTION The slope of the secant line over the intervalŒx0; x1� approaches the slope of the tangent line atx D x0.

5. The rate of change of atmospheric temperature with respect to altitude is equal to the slope of the tangent line to a graph. Which
graph? What are possible units for this rate?

SOLUTION The rate of change of atmospheric temperature with respect to altitude is the slope of the line tangent to the graph of
atmospheric temperature as a function of altitude. Possible units for this rate of change areıF=ft or ıC=m.

Exercises
1. A ball dropped from a state of rest at timet D 0 travels a distances.t/ D 4:9t2 m in t seconds.

(a) How far does the ball travel during the time intervalŒ2; 2:5�?

(b) Compute the average velocity overŒ2; 2:5�.

(c) Compute the average velocity for the time intervals in the table and estimate the ball’s instantaneous velocity att D 2.

Interval Œ2; 2:01� Œ2; 2:005� Œ2; 2:001� Œ2; 2:00001�

Average
velocity

SOLUTION

(a) During the time intervalŒ2; 2:5�, the ball travels�s D s.2:5/ � s.2/ D 4:9.2:5/2 � 4:9.2/2 D 11:025 m.

(b) The average velocity overŒ2; 2:5� is

�s

�t
D s.2:5/� s.2/

2:5 � 2
D 11:025

0:5
D 22:05 m=s:

(c)
time interval Œ2; 2:01] Œ2; 2:005� Œ2; 2:001� Œ2; 2:00001�

average velocity 19.649 19.6245 19.6049 19.600049

The instantaneous velocity att D 2 is 19.6 m=s.

2. A wrench released from a state of rest at timet D 0 travels a distances.t/ D 4:9t2 m in t seconds. Estimate the instantaneous
velocity att D 3.

SOLUTION To find the instantaneous velocity, we compute the average velocities:

time interval Œ3; 3:01� Œ3; 3:005� Œ3; 3:001� Œ3; 3:00001�

average velocity 29.449 29.4245 29.4049 29.400049

The instantaneous velocity is approximately 29.4 m=s.



76 C H A P T E R 2 LIMITS

3. Let v D 20
p
T as in Example 2. Estimate the instantaneous rate of change ofv with respect toT whenT D 300K.

SOLUTION

T interval Œ300; 300:01� Œ300; 300:005�

average rate of change 0.577345 0.577348

T interval Œ300; 300:001� Œ300; 300:00001�

average rate of change 0.57735 0.57735

The instantaneous rate of change is approximately 0.57735 m=.s � K/.

4. Compute�y=�x for the intervalŒ2; 5�, wherey D 4x � 9. What is the instantaneous rate of change ofy with respect tox at
x D 2?

SOLUTION �y=�x D ..4.5/ � 9/ � .4.2/ � 9//=.5 � 2/ D 4. Because the graph ofy D 4x � 9 is a line with slope 4, the
average rate of change ofy calculated over any interval will be equal to 4; hence, the instantaneous rate of change at anyx will also
be equal to4.

In Exercises 5 and 6, a stone is tossed vertically into the air from ground level with an initial velocity of15 m/s. Its height at timet
is h.t/ D 15t � 4:9t2 m.

5. Compute the stone’s average velocity over the time intervalŒ0:5; 2:5� and indicate the corresponding secant line on a sketch of
the graph ofh.t/.

SOLUTION The average velocity is equal to

h.2:5/ � h.0:5/

2
D 0:3:

The secant line is plotted withh.t/ below.
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6. Compute the stone’s average velocity over the time intervalsŒ1; 1:01�, Œ1; 1:001�, Œ1; 1:0001� andŒ0:99; 1�, Œ0:999; 1�, Œ0:9999; 1�,
and then estimate the instantaneous velocity att D 1.

SOLUTION With h.t/ D 15t � 4:9t2, the average velocity over the time intervalŒt1; t2� is given by

�h

�t
D h .t2/ � h .t1/

t2 � t1
:

time interval Œ1; 1:01� Œ1; 1:001� Œ1; 1:0001� Œ0:99; 1� Œ0:999; 1� Œ0:9999; 1�

average velocity 5.151 5.1951 5.1995 5.249 5.2049 5.2005

The instantaneous velocity att D 1 second is 5.2 m=s.

7. With an initial deposit of $100, the balance in a bank account aftert years isf .t/ D 100.1:08/t dollars.

(a) What are the units of the rate of change off .t/?
(b) Find the average rate of change overŒ0; 0:5� andŒ0; 1�.
(c) Estimate the instantaneous rate of change att D 0:5 by computing the average rate of change over intervals to the left and right
of t D 0:5.

SOLUTION

(a) The units of the rate of change off .t/ are dollars=year or $=yr.
(b) The average rate of change off .t/ D 100.1:08/tover the time intervalŒt1; t2� is given by

�f

�t
D f .t2/ � f .t1/

t2 � t1
:

time interval Œ0; :5� Œ0; 1�

average rate of change 7.8461 8
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(c)

time interval Œ0:5; 0:51� Œ0:5; 0:501� Œ0:5; 0:5001�

average rate of change 8.0011 7.9983 7.9981

time interval Œ0:49; 0:5� Œ0:499; 0:5� Œ0:4999; 0:5�

average rate of change 7.9949 7.9977 7.998

The rate of change att D 0:5 is approximately $8/yr.

8. The position of a particle at timet is s.t/ D t3 C t . Compute the average velocity over the time intervalŒ1; 4� and estimate the
instantaneous velocity att D 1.

SOLUTION The average velocity over the time intervalŒ1; 4� is

s.4/ � s.1/
4 � 1 D 68 � 2

3
D 22:

To estimate the instantaneous velocity att D 1, we examine the following table.

time interval Œ1; 1:01� Œ1; 1:001� Œ1; 1:0001� Œ0:99; 1� Œ0:999; 1� Œ0:9999; 1�

average rate of change 4.0301 4.0030 4.0003 3.9701 3.9970 3.9997

The rate of change att D 1 is approximately 4.

9. Figure 1 shows the estimated numberN of Internet users in Chile, based on data from the United Nations Statistics
Division.

(a) Estimate the rate of change ofN at t D 2003:5.

(b) Does the rate of change increase or decrease ast increases? Explain graphically.

(c) LetR be the average rate of change overŒ2001; 2005�. ComputeR.

(d) Is the rate of change att D 2002 greater than or less than the average rateR? Explain graphically.

2001 2002 2003 2004 2005

3.5

4.0

4.5

N (Internet users in Chile in millions)

t (years)

FIGURE 1

SOLUTION

(a) The tangent line shown in Figure 1 appears to pass through the points.2002; 3:75/ and.2005; 4:6/. Thus, the rate of change of
N at t D 2003:5 is approximately

4:6 � 3:75

2005 � 2002
D 0:283

million Internet users per year.

(b) As t increases, we move from left to right along the graph in Figure 1. Moreover, as we move from left to right along the graph,
the slope of the tangent line decreases. Thus, the rate of change decreases ast increases.

(c) The graph ofN.t/ appear to pass through the points.2001; 3:1/ and .2005; 4:5/. Thus, the average rate of change over
Œ2001; 2005� is approximately

R D 4:5 � 3:1

2005 � 2001 D 0:35

million Internet users per year.

(d) For the figure below, we see that the slope of the tangent line att D 2002 is larger than the slope of the secant line through the
endpoints of the graph ofN.t/. Thus, the rate of change att D 2002 is greater than the average rate of changeR.
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10. The atmospheric temperatureT (in ıC) at altitudeh meters above a certain point on earth isT D 15 � 0:0065h for
h � 12;000 m. What are the average and instantaneous rates of change ofT with respect toh? Why are they the same? Sketch the
graph ofT for h � 12;000.

SOLUTION The average and instantaneous rates of change ofT with respect toh are both�0:0065ıC=m. The rates of change
are the same becauseT is a linear function ofh with slope�0:0065.
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In Exercises 11–18, estimate the instantaneous rate of change at the point indicated.

11. P.x/ D 3x2 � 5; x D 2

SOLUTION

x interval Œ2; 2:01� Œ2; 2:001� Œ2; 2:0001� Œ1:99; 2� Œ1:999; 2� Œ1:9999; 2�

average rate of change 12:03 12:003 12:0003 11:97 11:997 11:9997

The rate of change atx D 2 is approximately 12.

12. f .t/ D 12t � 7; t D �4
SOLUTION

t interval Œ�4;�3:99� Œ�4;�3:999� Œ�4;�3:9999�

average rate of change 12 12 12

t interval Œ�4:01;�4� Œ�4:001;�4� Œ�4:0001;�4�

average rate of change 12 12 12

The rate of change att D �4 is 12, as the graph ofy D f .t/ is a line with slope 12.

13. y.x/ D 1

x C 2
; x D 2

SOLUTION

x interval Œ2; 2:01� Œ2; 2:001� Œ2; 2:0001� Œ1:99; 2� Œ1:999; 2� Œ1:9999; 2�

average rate of change �0:0623 �0:0625 �0:0625 �0:0627 �0:0625 �0:0625

The rate of change atx D 2 is approximately�0:06.
14. y.t/ D

p
3t C 1; t D 1

SOLUTION

t interval Œ1; 1:01� Œ1; 1:001� Œ1; 1:0001� Œ0:99; 1� Œ0:999; 1� Œ0:9999; 1�

average rate of change 0.7486 0.7499 0.7500 0.7514 0.7501 0.7500

The rate of change att D 1 is approximately 0.75.
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15. f .x/ D ex ; x D 0

SOLUTION

x interval Œ�0:01; 0� Œ�0:001; 0� Œ�0:0001; 0� Œ0; 0:01� Œ0; 0:001� Œ0; 0:0001�

average rate of change 0:9950 0:9995 0:99995 1:0050 1:0005 1:00005

The rate of change atx D 0 is approximately1:00.

16. f .x/ D ex ; x D e

SOLUTION

x interval Œe � 0:01; e� Œe � 0:001; e� Œe � 0:0001; e� Œe; e C 0:01� Œe; e C 0:001� Œe; e C 0:0001�

average rate of change 15:0787 15:1467 15:1535 15:2303 15:1618 15:1550

The rate of change atx D e is approximately15:15.

17. f .x/ D lnx; x D 3

SOLUTION

x interval Œ2:99; 3� Œ2:999; 3� Œ2:9999; 3� Œ3; 3:01� Œ3; 3:001� Œ3; 3:0001�

average rate of change 0:33389 0:33339 0:33334 0:33278 0:33328 0:33333

The rate of change atx D 3 is approximately0:333.

18. f .x/ D tan�1 x; x D �

4

SOLUTION

x interval
�
�
4 � 0:01; �4

� �
�
4 � 0:001; �4

� �
�
4 � 0:0001; �4

� �
�
4 ;

�
4 C 0:01

� �
�
4 ;

�
4 C 0:001

� �
�
4 ;

�
4 C 0:0001

�

average rate of change 0:6215 0:6188 0:6185 0:6155 0:6182 0:6185

The rate of change atx D �
4 is approximately0:619.

19. The height (in centimeters) at timet (in seconds) of a small mass oscillating at the end of a spring ish.t/ D 8 cos.12�t/.

(a) Calculate the mass’s average velocity over the time intervalsŒ0; 0:1� andŒ3; 3:5�.
(b) Estimate its instantaneous velocity att D 3.

SOLUTION

(a) The average velocity over the time intervalŒt1; t2� is given by
�h

�t
D h .t2/ � h .t1/

t2 � t1
.

time interval Œ0; 0:1� Œ3; 3:5�

average velocity �144:721 cm=s 0 cm=s

(b)

time interval Œ3; 3:0001� Œ3; 3:00001� Œ3; 3:000001� Œ2:9999; 3� Œ2:99999; 3� Œ2:999999; 3�

average velocity �0:5685 �0:05685 �0:005685 0.5685 0.05685 0.005685

The instantaneous velocity att D 3 seconds is approximately 0 cm=s.

20. The numberP.t/ of E. coli cells at timet (hours) in a petri dish is plotted in Figure 2.

(a) Calculate the average rate of change ofP.t/ over the time intervalŒ1; 3� and draw the corresponding secant line.
(b) Estimate the slopem of the line in Figure 2. What doesm represent?

t (hours)
321

10,000

8,000

6,000

4,000

2,000
1,000

P(t)

FIGURE 2 Number ofE. coli cells at timet .
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SOLUTION

(a) Looking at the graph, we can estimateP.1/ D 2000 andP.3/ D 8000. Assuming these values ofP.t/, the average rate of
change is

P.3/ � P.1/
3 � 1 D 6000

2
D 3000 cells=hour:

The secant line is here:

t (hours)
321

10,000

8,000

6,000

4,000

2,000
1,000

P(t)

(b) The line in Figure 2 goes through two points with approximate coordinates.1; 2000/ and.2:5; 4000/. This line has approximate
slope

m D 4000 � 2000

2:5 � 1 D 4000

3
cells=hour:

m is close to the slope of the line tangent to the graph ofP.t/ at t D 1, and som represents the instantaneous rate of change of
P.t/ at t D 1 hour.

21. Assume that the periodT (in seconds) of a pendulum (the time required for a complete back-and-forth cycle) is

T D 3
2

p
L, whereL is the pendulum’s length (in meters).

(a) What are the units for the rate of change ofT with respect toL? Explain what this rate measures.

(b) Which quantities are represented by the slopes of linesA andB in Figure 3?

(c) Estimate the instantaneous rate of change ofT with respect toL whenL D 3 m.

Period (s)

Length (m)
1 3

AB

2

FIGURE 3 The periodT is the time required for a pendulum to swing back and forth.

SOLUTION

(a) The units for the rate of change ofT with respect toL are seconds per meter. This rate measures the sensitivity of the period
of the pendulum to a change in the length of the pendulum.

(b) The slope of the lineB represents the average rate of change inT fromL D 1m toL D 3m. The slope of the lineA represents
the instantaneous rate of change ofT atL D 3 m.

(c)

time interval Œ3; 3:01� Œ3; 3:001� Œ3; 3:0001� Œ2:99; 3� Œ2:999; 3� Œ2:9999; 3�

average velocity 0.4327 0.4330 0.4330 0.4334 0.4330 0.4330

The instantaneous rate of change atL D 1 m is approximately 0.4330 s=m.

22. The graphs in Figure 4 represent the positions of moving particles as functions of time.

(a) Do the instantaneous velocities at timest1; t2; t3 in (A) form an increasing or a decreasing sequence?

(b) Is the particle speeding up or slowing down in (A)?

(c) Is the particle speeding up or slowing down in (B)?
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FIGURE 4

SOLUTION

(a) As the value of the independent variable increases, we note that the slope of the tangent lines decreases. Since Figure 4(A)
displays position as a function of time, the slope of each tangent line is equal to the velocity of the particle; consequently, the
velocities att1; t2; t3 form a decreasing sequence.

(b) Based on the solution to part (a), the velocity of the particle is decreasing; hence, the particle is slowing down.

(c) If we were to draw several lines tangent to the graph in Figure 4(B), we would find that the slopes would be increasing.
Accordingly, the velocity of the particle associated with Figure 4(B) is increasing, and the particle is speeding up.

23. An advertising campaign boosted sales of Crunchy Crust frozen pizza to a peak level ofS0 dollars per month. A
marketing study showed that aftert months, monthly sales declined to

S.t/ D S0g.t/; whereg.t/ D 1p
1C t

:

Do sales decline more slowly or more rapidly as time increases? Answer by referring to a sketch of the graph ofg.t/ together with
several tangent lines.

SOLUTION We notice from the figure below that, as time increases, the slopes of the tangent lines to the graph ofg.t/ become
less negative. Thus, sales decline more slowly as time increases.
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24. The fraction of a city’s population infected by a flu virus is plotted as a function of time (in weeks) in Figure 5.

(a) Which quantities are represented by the slopes of linesA andB? Estimate these slopes.

(b) Is the flu spreading more rapidly att D 1, 2, or 3?

(c) Is the flu spreading more rapidly att D 4, 5, or 6?

Fraction infected

Weeks

B

A

1 2 3 4 5 6

0.3

0.2

0.1

FIGURE 5

SOLUTION

(a) The slope of lineA is the average rate of change over the intervalŒ4; 6�, whereas the slope of the lineB is the instantaneous
rate of change att D 6. Thus, the slope of the lineA � .0:28 � 0:19/=2 D 0:045=week, whereas the slope of the lineB �
.0:28 � 0:15/=6 D 0:0217=week.

(b) Among timest D 1; 2; 3, the flu is spreading most rapidly att D 3 since the slope is greatest at that instant; hence, the rate of
change is greatest at that instant.

(c) Among timest D 4; 5; 6, the flu is spreading most rapidly att D 4 since the slope is greatest at that instant; hence, the rate of
change is greatest at that instant.
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25. The graphs in Figure 6 represent the positionss of moving particles as functions of timet . Match each graph with a description:

(a) Speeding up

(b) Speeding up and then slowing down

(c) Slowing down

(d) Slowing down and then speeding up

(B)(A) (D)(C)

t

s

t

s

t

s

t

s

FIGURE 6

SOLUTION When a particle is speeding up over a time interval, its graph is bent upward over that interval. When a particle is
slowing down, its graph is bent downward over that interval. Accordingly,

� In graph (A), the particle is (c) slowing down.
� In graph (B), the particle is (b) speeding up and then slowing down.
� In graph (C), the particle is (d) slowing down and then speeding up.
� In graph (D), the particle is (a) speeding up.

26. An epidemiologist finds that the percentageN.t/ of susceptible children who were infected on dayt during the first three
weeks of a measles outbreak is given, to a reasonable approximation, by the formula (Figure 7)

N.t/ D 100t2

t3 C 5t2 � 100t C 380

% Infected

Time (days)

2 6 10 14 184 8 12 16 20

20

15

10

5

FIGURE 7 Graph ofN.t/.

(a) Draw the secant line whose slope is the average rate of change in infected children over the intervalsŒ4; 6� andŒ12; 14�. Then
compute these average rates (in units of percent per day).

(b) Is the rate of decline greater att D 8 or t D 16?

(c) Estimate the rate of change ofN.t/ on day 12.

SOLUTION

(a) % Infected

Time (days)

5 1510 20

20

15

10

5

The average rate of change ofN.t/ over the interval between day 4 and day 6 is given by

�N

�t
D N.6/ �N.4/

6 � 4 D 3:776%=day:

Similarly, we calculate the average rate of change ofN.t/ over the interval between day 12 and day 14 as

�N

�t
D N.14/ �N.12/

14 � 12
D �0:7983%=day:
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(b) The slope of the tangent line att D 8 would be more negative than the slope of the tangent line att D 16. Thus, the rate of
decline is greater att D 8 than att D 16.
(c)

time interval Œ12; 12:5� Œ12; 12:2� Œ12; 12:01� Œ12; 12:001�

average rate of change �0:9288 �0:9598 �0:9805 �0:9815

time interval Œ11:5; 12� Œ11:8; 12� Œ11:99; 12� Œ11:999; 12�

average rate of change �1:0402 �1:0043 �0:9827 �0:9817

The instantaneous rate of change ofN.t/ on day 12 is�0:9816%=day.

27. The fungusFusarium exosporiuminfects a field of flax plants through the roots and causes the plants to wilt. Eventually, the
entire field is infected. The percentagef .t/ of infected plants as a function of timet (in days) since planting is shown in Figure 8.

(a) What are the units of the rate of change off .t/ with respect tot? What does this rate measure?
(b) Use the graph to rank (from smallest to largest) the average infection rates over the intervalsŒ0; 12�, Œ20; 32�, andŒ40; 52�.
(c) Use the following table to compute the average rates of infection over the intervalsŒ30; 40�, Œ40; 50�, Œ30; 50�.

Days 0 10 20 30 40 50 60
Percent infected 0 18 56 82 91 96 98

(d) Draw the tangent line att D 40 and estimate its slope.

Percent infected

Days after planting

10 20 30 40 50 60

100

80

60

40

20

FIGURE 8

SOLUTION

(a) The units of the rate of change off .t/with respect tot are percent=day or %=d. This rate measures how quickly the population
of flax plants is becoming infected.
(b) From smallest to largest, the average rates of infection are those over the intervalsŒ40; 52�, Œ0; 12�, Œ20; 32�. This is because the
slopes of the secant lines over these intervals are arranged from smallest to largest.
(c) The average rates of infection over the intervalsŒ30; 40�, Œ40; 50�, Œ30; 50� are 0.9, 0.5, 0.7 %=d, respectively.
(d) The tangent line sketched in the graph below appears to pass through the points.20; 80/ and .40; 91/. The estimate of the
instantaneous rate of infection att D 40 days is therefore

91 � 80

40 � 20
D 11

20
D 0:55%=d:

10 20 30 40 50 60

100

80

60

40

20

28. Let v D 20
p
T as in Example 2. Is the rate of change ofv with respect toT greater at low temperatures or high

temperatures? Explain in terms of the graph.

SOLUTION

350
300
250
200
150
100
50

50 100 150 200 250 300
T (K)

(m/s)
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As the graph progresses to the right, the graph bends progressively downward, meaning that the slope of the tangent lines becomes
smaller. This means that the rate of change ofv with respect toT is lower at high temperatures.

29. If an object in linear motion (but with changing velocity) covers�s meters in�t seconds, then its average velocity is
v0 D �s=�t m/s. Show that it would cover the same distance if it traveled at constant velocityv0 over the same time interval. This
justifies our calling�s=�t theaverage velocity.

SOLUTION At constant velocity, the distance traveled is equal to velocity times time, so an object moving at constant velocityv0
for �t seconds travelsv0ıt meters. Sincev0 D �s=�t , we find

distance traveledD v0ıt D
�
�s

�t

�
�t D �s

So the object covers the same distance�s by traveling at constant velocityv0.

30. Sketch the graph off .x/ D x.1 � x/ over Œ0; 1�. Refer to the graph and, without making any computations, find:

(a) The average rate of change overŒ0; 1�

(b) The (instantaneous) rate of change atx D 1
2

(c) The values ofx at which the rate of change is positive

SOLUTION

0.2 0.4 0.6 0.8 1

0.25

0.2

0.15

0.1

0.05

x

y

(a) f .0/ D f .1/, so there is no change betweenx D 0 andx D 1. The average rate of change is zero.

(b) The tangent line to the graph off .x/ is horizontal atx D 1
2 ; the instantaneous rate of change is zero at this point.

(c) The rate of change is positive at all points where the graph is rising, because the slope of the tangent line is positive at these
points. This is so for allx betweenx D 0 andx D 0:5.

31. Which graph in Figure 9 has the following property: For allx, the average rate of change overŒ0; x� is greater than the
instantaneous rate of change atx. Explain.

(B)

x

y

(A)

x

y

FIGURE 9

SOLUTION The average rate of change overŒ0; x� is greater than the instantaneous rate of change atx: (B). The graph in (B)
bends downward, so the slope of the secant line through.0; 0/ and.x; f .x// is larger than the slope of the tangent line at.x; f .x//.

Further Insights and Challenges

32. The height of a projectile fired in the air vertically with initial velocity25 m/s is

h.t/ D 25t � 4:9t2 m:

(a) Computeh.1/. Show thath.t/ � h.1/ can be factored with.t � 1/ as a factor.

(b) Using part (a), show that the average velocity over the intervalŒ1; t � is 20:1 � 4:9t .

(c) Use this formula to find the average velocity over several intervalsŒ1; t � with t close to1. Then estimate the instantaneous
velocity at timet D 1.
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SOLUTION

(a) With h.t/ D 25t � 4:9t2, we haveh.1/ D 20:1 m, so

h.t/ � h.1/ D �4:9t2 C 25t � 20:1:

Factoring the quadratic, we obtain

h.t/ � h.1/ D .t � 1/.�4:9t C 20:1/:

(b) The average velocity over the intervalŒ1; t � is

h.t/ � h.1/

t � 1
D .t � 1/.�4:9t C 20:1/

t � 1
D 20:1 � 4:9t:

(c) t 1.01 1.001 1.0001 1.00001

average velocity overŒ1; t � 15.151 15.1951 15.19951 15.199951

The instantaneous velocity is approximately 15.2 m=s. Pluggingt D 1 second into the formula in (b) yields20:1 � 4:9.1/ D 15:2

m=s exactly.

33. LetQ.t/ D t2. As in the previous exercise, find a formula for the average rate of change ofQ over the intervalŒ1; t � and use it
to estimate the instantaneous rate of change att D 1. Repeat for the intervalŒ2; t � and estimate the rate of change att D 2.

SOLUTION The average rate of change is

Q.t/ �Q.1/

t � 1
D t2 � 1

t � 1
:

Applying the difference of squares formula gives that the average rate of change is..t C 1/.t � 1///.t � 1/ D .t C 1/ for t ¤ 1.
As t gets closer to1, this gets closer to1C 1 D 2. The instantaneous rate of change is 2.

For t0 D 2, the average rate of change is

Q.t/ �Q.2/
t � 2 D t2 � 4

t � 2 ;

which simplifies tot C 2 for t ¤ 2. As t approaches 2, the average rate of change approaches 4. The instantaneous rate of change
is therefore 4.

34. Show that the average rate of change off .x/ D x3 over Œ1; x� is equal to

x2 C x C 1:

Use this to estimate the instantaneous rate of change off .x/ atx D 1.

SOLUTION The average rate of change is

f .x/� f .1/

x � 1
D x3 � 1

x � 1 :

Factoring the numerator as the difference of cubes means the average rate of change is

.x � 1/.x2 C x C 1/

x � 1 D x2 C x C 1

(for all x ¤ 1). The closerx gets to1, the closer the average rate of change gets to12 C 1 C 1 D 3. The instantaneous rate of
change is 3.

35. Find a formula for the average rate of change off .x/ D x3 over Œ2; x� and use it to estimate the instantaneous rate of change
atx D 2.

SOLUTION The average rate of change is

f .x/� f .2/

x � 2
D x3 � 8

x � 2 :

Applying the difference of cubes formula to the numerator, we find that the average rate of change is

.x2 C 2x C 4/.x � 2/
x � 2

D x2 C 2x C 4

for x ¤ 2. The closerx gets to2, the closer the average rate of change gets to22 C 2.2/C 4 D 12.
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36. Let T D 3
2

p
L as in Exercise 21. The numbers in the second column of the following table are increasing, and those

in the last column are decreasing. Explain why in terms of the graph ofT as a function ofL. Also, explain graphically why the
instantaneous rate of change atL D 3 lies between 0.4329 and 0.4331.

Average Rates of Change ofT with Respect toL

Average rate Average rate
Interval of change Interval of change

Œ3; 3:2� 0.42603 Œ2:8; 3� 0.44048
Œ3; 3:1� 0.42946 Œ2:9; 3� 0.43668
Œ3; 3:001� 0.43298 Œ2:999; 3� 0.43305
Œ3; 3:0005� 0.43299 Œ2:9995; 3� 0.43303

SOLUTION Since the average rate of change is increasing on the intervalsŒ3; L� asL get close to3, we know that the slopes of
the secant lines between points on the graph over these intervals are increasing. The more rows we add with smaller intervals, the
greater the average rate of change. This means that the instantaneous rate of change is probably greater than all of the numbers in
this column.

Likewise, since the average rate of change isdecreasingon the intervalsŒL; 3� asL gets closer to3, we know that the slopes
of the secant lines between points over these intervals are decreasing. This means that the instantaneous rate of change is probably
less than all the numbers in this column.

The tangent slope is somewhere between the greatest value in the first column and the least value in the second column. Hence,
it is between0:43299 and0:43303. The first column underestimates the instantaneous rate of change by secant slopes; this estimate
improves asL decreases towardL D 3. The second column overestimates the instantaneous rate of change by secant slopes; this
estimate improves asL increases towardL D 3.

2.2 Limits: A Numerical and Graphical Approach

Preliminary Questions
1. What is the limit off .x/ D 1 asx ! �?

SOLUTION limx!� 1 D 1:

2. What is the limit ofg.t/ D t ast ! �?

SOLUTION limt!� t D �:

3. Is lim
x!10

20 equal to10 or 20?

SOLUTION limx!10 20 D 20:

4. Canf .x/ approach a limit asx ! c if f .c/ is undefined? If so, give an example.

SOLUTION Yes. The limit of a functionf asx ! c does not depend on what happensat x D c, only on the behavior off as
x ! c. As an example, consider the function

f .x/ D x2 � 1
x � 1 :

The function is clearly not defined atx D 1 but

lim
x!1

f .x/ D lim
x!1

x2 � 1

x � 1
D lim
x!1

.x C 1/ D 2:

5. What does the following table suggest about lim
x!1�

f .x/ and lim
x!1C

f .x/?

x 0:9 0:99 0:999 1:1 1:01 1:001

f .x/ 7 25 4317 3:0126 3:0047 3:00011

SOLUTION The values in the table suggest that limx!1� f .x/ D 1 and limx!1C f .x/ D 3.

6. Can you tell whether lim
x!5

f .x/ exists from a plot off .x/ for x > 5? Explain.

SOLUTION No. By examining values off .x/ for x close to but greater than 5, we can determine whether the one-sided limit
limx!5C f .x/ exists. To determine whether limx!5 f .x/ exists, we must examine value off .x/ on both sides ofx D 5.
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7. If you know in advance that lim
x!5

f .x/ exists, can you determine its value from a plot off .x/ for all x > 5?

SOLUTION Yes. If limx!5 f .x/ exists, then both one-sided limits must exist and be equal.

Exercises
In Exercises 1–4, fill in the tables and guess the value of the limit.

1. lim
x!1

f .x/, wheref .x/ D x3 � 1
x2 � 1

.

x f .x/ x f .x/

1:002 0:998

1:001 0:999

1:0005 0:9995

1:00001 0:99999

SOLUTION

x 0.998 0.999 0.9995 0.99999 1.00001 1.0005 1.001 1.002

f .x/ 1.498501 1.499250 1.499625 1.499993 1.500008 1.500375 1.500750 1.501500

The limit asx ! 1 is 32 .

2. lim
t!0

h.t/, whereh.t/ D cost � 1

t2
. Note thath.t/ is even; that is,h.t/ D h.�t/.

t ˙0:002 ˙0:0001 ˙0:00005 ˙0:00001

h.t/

SOLUTION

t ˙0:002 ˙0:0001

h.t/ �0:499999833333 �0:499999999583

t ˙0:00005 ˙0:00001

h.t/ �0:499999999896 �0:500000000000

The limit ast ! 0 is�1
2 .

3. lim
y!2

f .y/, wheref .y/ D y2 � y � 2

y2 C y � 6
.

y f .y/ y f .y/

2:002 1:998

2:001 1:999

2:0001 1:9999

SOLUTION

y 1.998 1.999 1.9999 2.0001 2.001 2.02

f .y/ 0.59984 0.59992 0.599992 0.600008 0.60008 0.601594

The limit asy ! 2 is 35 .

4. lim
x!0C

f .x/, wheref .x/ D x ln x.

x 1 0.5 0.1 0.05 0.01 0.005 0.001

f .x/
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SOLUTION

x 1.0 0.5 0.1 0.05 0.01 0.005 0.001

f .x/ 0 �0:34657 �0:23026 �0:14979 �0:04605 �0:02649 �0:00691

The limit asx ! 0C is0.

5. Determine lim
x!0:5

f .x/ for f .x/ as in Figure 1.

0.5

1.5

x

y

1
f (x)

FIGURE 1

SOLUTION The graph suggests thatf .x/ ! 1:5 asx ! 0:5.

6. Determine lim
x!0:5

g.x/ for g.x/ as in Figure 2.

0.5

1.5

x

y

1 g(x)

FIGURE 2

SOLUTION The graph suggests thatg.x/ ! 1:5 asx ! 0:5. The valueg.0:5/, which happens to be1, does not affect the limit.

In Exercises 7 and 8, evaluate the limit.

7. lim
x!21

x

SOLUTION As x ! 21, f .x/ D x ! 21. You can see this, for example, on the graph off .x/ D x.

8. lim
x!4:2

p
3

SOLUTION The graph off .x/ D
p
3 is a horizontal line.f .x/ D

p
3 for all values ofx, so the limit is also equal to

p
3.

In Exercises 9–16, verify each limit using the limit definition. For example, in Exercise 9, show thatj3x � 12j can be made as small
as desired by takingx close to4.

9. lim
x!4

3x D 12

SOLUTION j3x � 12j D 3jx � 4j. j3x � 12j can be made arbitrarily small by makingx close enough to4, thus makingjx � 4j
small.

10. lim
x!5

3 D 3

SOLUTION jf .x/� 3j D j3 � 3j D 0 for all values ofx sof .x/� 3 is already smaller than any positive number asx ! 5.

11. lim
x!3

.5x C 2/ D 17

SOLUTION j.5x C 2/� 17j D j5x � 15j D 5jx � 3j. Therefore, if you makejx � 3j small enough, you can makej.5x C 2/� 17j
as small as desired.

12. lim
x!2

.7x � 4/ D 10
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SOLUTION As x ! 2, note thatj.7x � 4/ � 10j D j7x � 14j D 7 jx � 2j. If you makejx � 2j small enough, you can make
j.7x � 4/ � 10j as small as desired.

13. lim
x!0

x2 D 0

SOLUTION As x ! 0, we havejx2 � 0j D jx C 0jjx � 0j. To simplify things, suppose thatjxj < 1, so thatjx C 0jjx � 0j D
jxjjxj < jxj. By makingjxj sufficiently small, so thatjx C 0jjx � 0j D x2 is even smaller, you can makejx2 � 0j as small as
desired.

14. lim
x!0

.3x2 � 9/ D �9

SOLUTION j3x2 � 9 � .�9/j D j3x2j D 3jx2j. If you makejxj < 1, jx2j < jxj, so that makingjx � 0j small enough can make
j3x2 � 9 � .�9/j as small as desired.

15. lim
x!0

.4x2 C 2x C 5/ D 5

SOLUTION As x ! 0, we havej4x2 C 2x C 5 � 5j D j4x2 C 2xj D jxjj4x C 2j. If jxj < 1, j4x C 2j can be no bigger than6,
sojxjj4x C 2j < 6jxj. Therefore, by makingjx � 0j D jxj sufficiently small, you can makej4x2 C 2x C 5 � 5j D jxjj4x C 2j as
small as desired.

16. lim
x!0

.x3 C 12/ D 12

SOLUTION j.x3 C 12/� 12j D jx3j. If we makejxj < 1, thenjx3j < jxj. Therefore, by makingjx � 0j D jxj sufficiently small,
we can makej.x3 C 12/ � 12j as small as desired.

In Exercises 17–36, estimate the limit numerically or state that the limit does not exist. If infinite, state whether the one-sided limits
are 1 or �1.

17. lim
x!1

p
x � 1

x � 1
SOLUTION

x 0.9995 0.99999 1.00001 1.0005

f .x/ 0.500063 0.500001 0.49999 0.499938

The limit asx ! 1 is 12 .

18. lim
x!�4

2x2 � 32

x C 4

SOLUTION

x �4:001 �4:0001 �3:9999 �3:999

f .x/ �16:002 �16:0002 �15:9998 �15:998

The limit asx ! �4 is �16.

19. lim
x!2

x2 C x � 6
x2 � x � 2

SOLUTION

x 1.999 1.99999 2.00001 2.001

f .x/ 1.666889 1.666669 1.666664 1.666445

The limit asx ! 2 is 53 .

20. lim
x!3

x3 � 2x2 � 9

x2 � 2x � 3

SOLUTION

x 2.99 2.995 3.005 3.01

f .x/ 3.741880 3.745939 3.754064 3.758130

The limit asx ! 3 is3:75.
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21. lim
x!0

sin2x

x

SOLUTION

x �0:01 �0:005 0.005 0.01

f .x/ 1.999867 1.999967 1.999967 1.999867

The limit asx ! 0 is 2.

22. lim
x!0

sin5x

x

SOLUTION

x �0:01 �0:005 0.005 0.01

f .x/ 4.997917 4.999479 4.999479 4.997917

The limit asx ! 0 is5.

23. lim
�!0

cos� � 1

�

SOLUTION

� �0:05 �0:001 0.001 0.05

f .�/ 0:0249948 0:0005 �0:0005 �0:0249948

The limit as� ! 0 is 0.

24. lim
x!0

sinx

x2

SOLUTION

x �0:01 �0:001 �0:0001 0.0001 0.001 0.01

f .x/ �99:9983 �999:9998 �10000:0 10000:0 999:9998 99:9983

The limit does not exist. Asx ! 0�, f .x/ ! �1; similarly, asx ! 0C, f .x/ ! 1.

25. lim
x!4

1

.x � 4/3

SOLUTION

x 3:99 3:999 3:9999 4.0001 4.001 4.01

f .x/ �106 �109 �1012 1012 109 106

The limit does not exist. Asx ! 4�, f .x/ ! �1; similarly, asx ! 4C, f .x/ ! 1.

26. lim
x!1�

3 � x

x � 1

SOLUTION

x 0:99 0:999 0.9999 0.99999

f .x/ �201 �2001 �20001 �200001

As x ! 1�, f .x/ ! �1.

27. lim
x!3C

x � 4

x2 � 9

SOLUTION

x 3:01 3:001 3.0001 3.00001

f .x/ �16:473 �166:473 �1666:473 �16666:473

As x ! 3C, f .x/ ! �1.
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28. lim
h!0

3h � 1

h

SOLUTION

h �0:05 �0:001 �0:0001 0.0001 0.001 0.05

f .h/ 1.06898 1.09801 1.09855 1.09867 1.09922 1.12935

The limit ash ! 0 is approximately 1.099. (The exact answer is ln3.)

29. lim
h!0

sinh cos
1

h

SOLUTION

h �0:01 �0:001 �0:0001 0.0001 0.001 0.01

f .h/ �0:008623 �0:000562 0.000095 �0:000095 0.000562 0.008623

The limit ash ! 0 is 0.

30. lim
h!0

cos
1

h

SOLUTION

h ˙0:1 ˙0:01 ˙0:001 ˙0:0001

f .h/ �0:839072 0:862319 0:562379 �0:952155

The limit does not exist since cos.1=h/ oscillates infinitely often ash ! 0.

31. lim
x!0

jxjx

SOLUTION

x �0:05 �0:001 �0:00001 0.00001 0.001 0.05

f .x/ 1.161586 1.006932 1.000115 0.999885 0.993116 0.860892

The limit asx ! 0 is 1.

32. lim
x!1C

sec�1 xp
x � 1

SOLUTION

x 1:05 1:01 1.005 1.001

f .x/ 1.3857 1.4084 1.4113 1.4136

The limit asx ! 1C is approximately1:414. (The exact answer is
p
2.)

33. lim
t!e

t � e

ln t � 1

SOLUTION

r e � 0:01 e � 0:001 e � 0:0001 e C 0:0001 e C 0:001 e C 0:01

f .t/ 2.713279 2.717782 2.718232 2.718332 2.718782 2.723279

The limit ast ! e is approximately 2.718. (The exact answer ise.)

34. lim
r!0

.1C r/1=r

SOLUTION

r �0:01 �0:001 �0:0001 0.0001 0.001 0.01

f .r/ 2.731999 2.719642 2.718418 2.718146 2.716924 2.704814

The limit asr ! 0 is approximately 2.718. (The exact answer ise.)
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35. lim
x!1�

tan�1 x
cos�1 x

SOLUTION

x 0:999 0.9999 0.99999 0.999999 0.9999999

f .x/ 17.549 55.532 175.619 555.360 1756.204

The limit asx ! 1� does not exist.

36. lim
x!0

tan�1 x � x

sin�1 x � x

SOLUTION

x �0:01 �0:001 0.001 0.01

f .x/ �1:999791 �2:000066 �2:000066 �1:999791

The limit asx ! 0 is approximately�2:00. (The exact answer is�2.)
37. Thegreatest integer functionis defined byŒx� D n, wheren is the unique integer such thatn � x < nC 1. Sketch the graph
of y D Œx�. Calculate, forc an integer:

(a) lim
x!c�

Œx� (b) lim
x!cC

Œx�

SOLUTION Here is a graph of the greatest integer function:

2

1

1 2 3−1
x

y

(a) From the graph, we see that, forc an integer,

lim
x!c�Œx� D c � 1:

(b) From the graph, we see that, forc an integer,

lim
x!cC

Œx� D c:

38. Determine the one-sided limits atc D 1, 2, and 4 of the functiong.x/ shown in Figure 3, and state whether the limit exists at
these points.

1 2 3 4 5

1

2

3

x

y

FIGURE 3

SOLUTION

� At c D 1, the left-hand limit is lim
x!1�

g.x/ D 3, whereas the right-hand limit is lim
x!1C

g.x/ D 1. Accordingly, the two-sided

limit does not exist atc D 1.
� At c D 2, the left-hand limit is lim

x!2�
g.x/ D 2, whereas the right-hand limit is lim

x!2C
g.x/ D 1. Accordingly, the two-sided

limit does not exist atc D 2.
� At c D 4, the left-hand limit is lim

x!4�
g.x/ D 2, whereas the right-hand limit is lim

x!4C
g.x/ D 2. Accordingly, the two-sided

limit exists atc D 4 and equals 2.
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In Exercises 39–46, determine the one-sided limits numerically or graphically. If infinite, state whether the one-sided limits are1
or �1, and describe the corresponding vertical asymptote. In Exercise 46,Œx� is the greatest integer function defined in Exercise
37.

39. lim
x!0˙

sinx

jxj
SOLUTION

x �0:2 �0:02 0.02 0.2

f .x/ �0:993347 �0:999933 0.999933 0.993347

The left-hand limit is lim
x!0�

f .x/ D �1, whereas the right-hand limit is lim
x!0C

f .x/ D 1.

40. lim
x!0˙

jxj1=x

SOLUTION

x �0:2 �0:1 0.15 0.2

f .x/ 3125.0 1010 0.000003 0.000320

The left-hand limit is lim
x!0�

f .x/ D 1, whereas the right-hand limit is lim
x!0C

f .x/ D 0. Thus, the linex D 0 is a vertical asymp-

tote from the left for the graph ofy D jxj1=x .

41. lim
x!0˙

x � sinjxj
x3

SOLUTION

x �0:1 �0:01 0.01 0.1

f .x/ 199.853 19999.8 0.166666 0.166583

The left-hand limit is lim
x!0�

f .x/ D 1, whereas the right-hand limit is lim
x!0C

f .x/ D 1

6
. Thus, the linex D 0 is a vertical

asymptote from the left for the graph ofy D x�sinjxj
x3 .

42. lim
x!4˙

x C 1

x � 4

SOLUTION The graph ofy D xC1
x�4 for x near 4 is shown below. From this graph, we see that

lim
x!4�

x C 1

x � 4
D �1 while lim

x!4C
x C 1

x � 4
D 1:

Thus, the linex D 4 is a vertical asymptote for the graph ofy D xC1
x�4 .

3.0 3.5
x

4.0 4.5 5.0

43. lim
x!�2˙

4x2 C 7

x3 C 8

SOLUTION The graph ofy D 4x2C7
x3C8 for x near�2 is shown below. From this graph, we see that

lim
x!�2�

4x2 C 7

x3 C 8
D �1 while lim

x!�2C
4x2 C 7

x3 C 8
D 1:

Thus, the linex D �2 is a vertical asymptote for the graph ofy D 4x2C7
x3C8 .

−3.0 −2.5 −2.0 −1.5 −1.0
x
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44. lim
x!�3˙

x2

x2 � 9

SOLUTION The graph ofy D x2

x2�9 for x near�3 is shown below. From this graph, we see that

lim
x!�3�

x2

x2 � 9
D 1 while lim

x!�3C
x2

x2 � 9
D �1:

Thus, the linex D �3 is a vertical asymptote for the graph ofy D x2

x2�9 .

−4.0 −3.5 −2.5 −2.0
x

−3.0

45. lim
x!1˙

x5 C x � 2

x2 C x � 2

SOLUTION The graph ofy D x5Cx�2
x2Cx�2 for x near1 is shown below. From this graph, we see that

lim
x!1˙

x5 C x � 2

x2 C x � 2
D 2:

2

0.5 1.0 1.5
x

y

4

6

46. lim
x!2˙

cos
��
2
.x � Œx�/

�

SOLUTION The graph ofy D cos
�
�
2 .x � Œx�/

�
for x near2 is shown below. From this graph, we see that

lim
x!2�

cos
��
2
.x � Œx�/

�
D 0 while lim

x!2C
cos

��
2
.x � Œx�/

�
D 1:

0.5

0.2

0.4

0.6

0.8

1.0

y

x
1.0 1.5 2.0 2.5

47. Determine the one-sided limits atc D 2; 4 of the functionf .x/ in Figure 4. What are the vertical asymptotes off .x/?

−5
42

15

5

10

x

y

FIGURE 4

SOLUTION

� Forc D 2, we have lim
x!2�

f .x/ D 1 and lim
x!2C

f .x/ D 1.

� Forc D 4, we have lim
x!4�

f .x/ D �1 and lim
x!4C

f .x/ D 10.

The vertical asymptotes are the vertical linesx D 2 andx D 4.
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48. Determine the infinite one- and two-sided limits in Figure 5.

x

y

−1 3 5

FIGURE 5

SOLUTION

� lim
x!�1�

f .x/ D �1
� lim
x!�1C

f .x/ D 1

� lim
x!3

f .x/ D 1
� lim
x!5

f .x/ D �1

The vertical asymptotes are the vertical linesx D 1, x D 3, andx D 5.

In Exercises 49–52, sketch the graph of a function with the given limits.

49. lim
x!1

f .x/ D 2, lim
x!3�

f .x/ D 0, lim
x!3C

f .x/ D 4

SOLUTION

2

4

6

1 2 3 4

y

x

50. lim
x!1

f .x/ D 1, lim
x!3�

f .x/ D 0, lim
x!3C

f .x/ D �1

SOLUTION

−30

−20

−10

30

20

10

4321
x

y

51. lim
x!2C

f .x/ D f .2/ D 3, lim
x!2�

f .x/ D �1, lim
x!4

f .x/ D 2 ¤ f .4/

SOLUTION

1

−1

2

3

1 2 3 4 5

y

x
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52. lim
x!1C

f .x/ D 1, lim
x!1�

f .x/ D 3, lim
x!4

f .x/ D �1

SOLUTION

4321
x

y

10

5

−5

−10

53. Determine the one-sided limits of the functionf .x/ in Figure 6, at the pointsc D 1; 3; 5; 6.

−1

−2

−3

−4

1

2

3

4

5

y

x
1 2 3 4 5 6 7 8

FIGURE 6 Graph off .x/

SOLUTION

� lim
x!1�

f .x/ D lim
x!1C

f .x/ D 3

� lim
x!3�

f .x/ D �1
� lim
x!3C

f .x/ D 4

� lim
x!5�

f .x/ D 2

� lim
x!5C

f .x/ D �3
� lim
x!6�

f .x/ D lim
x!6C

f .x/ D 1

54. Does either of the two oscillating functions in Figure 7 appear to approach a limit asx ! 0?

(A) (B)

xx

y
y

FIGURE 7

SOLUTION (A) does not appear to approach a limit asx ! 0; the values of the function oscillate wildly asx ! 0. The values of
the function graphed in (B) seem to settle to0 asx ! 0, so the limit seems to exist.

In Exercises 55–60, plot the function and use the graph to estimate the value of the limit.

55. lim
�!0

sin5�

sin2�

SOLUTION

2.42

2.44

2.46

2.48

2.50

y
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From the graph ofy D sin5�

sin2�
shown above, we see that the limit as� ! 0 is 52 .

56. lim
x!0

12x � 1

4x � 1
SOLUTION

1.788

1.790

1.792

1.794

y

From the graph ofy D 12x � 1

4x � 1
shown above, we see that the limit asx ! 0 is approximately 1.7925. (The exact answer is

ln 12= ln 4.)

57. lim
x!0

2x � cosx

x

SOLUTION

0.6935

0.6940

0.6930

0.6925

0.6920

y

y = 2
x − cos x

x

The limit asx ! 0 is approximately 0.693. (The exact answer is ln2.)

58. lim
�!0

sin2 4�

cos� � 1

SOLUTION

−30.0

−30.5

−31.0

−31.5

−32.0

y

y = sin2 4q

cosq  − 1

The limit as� ! 0 is�32.

59. lim
�!0

cos7� � cos5�

�2

SOLUTION

−12.0

−11.8

−11.6

−11.4

y

From the graph ofy D cos7� � cos5�

�2
shown above, we see that the limit as� ! 0 is �12.

60. lim
�!0

sin2 2� � � sin4�

�4
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SOLUTION

5.325

5.330

5.335

5.340

y

From the graph ofy D sin2 2� � � sin4�

�4
shown above, we see that the limit as� ! 0 is approximately 5.333. (The exact answer

is 163 .)

61. Let n be a positive integer. For whichn are the two infinite one-sided limits lim
x!0˙

1=xn equal?

SOLUTION First, suppose thatn is even. Thenxn � 0 for all x, and 1
xn > 0 for all x ¤ 0. Hence,

lim
x!0�

1

xn
D lim
x!0C

1

xn
D 1:

Next, suppose thatn is odd. Then 1xn > 0 for all x > 0 but 1xn < 0 for all x < 0. Thus,

lim
x!0�

1

xn
D �1 but lim

x!0C
1

xn
D 1:

Finally, the two infinite one-sided limits are equal whenevern is even.

62. Let L.n/ D lim
x!1

�
n

1 � xn
� 1

1 � x

�
for n a positive integer. InvestigateL.n/ numerically for several values ofn, and then

guess the value of ofL.n/ in general.

SOLUTION

� We first notice that forn D 1,

1

1 � x � 1

1 � x
D 0;

soL.1/ D 0.
� Next, let’s tryn D 3. From the table below, it appears thatL.3/ D 1.

x 0.99 0.999 1.001 1.01

f .x/ 1.006700 1.000667 0.999334 0.993367

� For n D 6, we find

x 0.99 0.999 0.9999 1.0001 1.001 1.01

f .x/ 2.529312 2.502919 2.500392 2.499375 2.497082 2.470980

Thus,L.6/ D 2:5 D 5
2

From these values, we conjecture thatL.n/ D n�1
2 .

63. In some cases, numerical investigations can be misleading. Plot f .x/ D cos�x .

(a) Does lim
x!0

f .x/ exist?

(b) Show, by evaluatingf .x/ at x D 1
2 ;
1
4 ;
1
6 ; : : : , that you might be able to trick your friends into believing that the limit exists

and is equal toL D 1.

(c) Which sequence of evaluations might trick them into believing that the limit isL D �1.

SOLUTION Here is the graph off .x/.

−0.05
−0.5

0.5

y

x
0.05
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(a) From the graph off .x/, which shows that the value off .x/ oscillates more and more rapidly asx ! 0, it follows that
lim
x!0

f .x/ does not exist.

(b) Notice that

f

�
˙1

2

�
D cos˙ �

1=2
D cos˙2� D 1I

f

�
˙1

4

�
D cos˙ �

1=4
D cos˙4� D 1I

f

�
˙1

6

�
D cos˙ �

1=6
D cos˙6� D 1I

and, in general,f .˙ 1
2n / D 1 for all integersn.

(c) At x D ˙1;˙1
3 ;˙

1
5 ; : : :, the value off .x/ is always�1.

Further Insights and Challenges

64. Light waves of frequency� passing through a slit of widtha produce aFraunhofer diffraction pattern of light and dark
fringes (Figure 8). The intensity as a function of the angle� is

I.�/ D Im

�
sin.R sin�/

R sin �

�2

whereR D �a=� andIm is a constant. Show that the intensity function is not defined at� D 0. Then choose any two values forR
and check numerically thatI.�/ approachesIm as� ! 0.

a

Intensity
pattern

Viewing
screen

Slit

Incident 
light waves

FIGURE 8 Fraunhofer diffraction pattern.

SOLUTION If you plug in� D 0, you get a division by zero in the expression

sin
�
R sin�

�

R sin �
I

thus,I.0/ is undefined. IfR D 2, a table of values as� ! 0 follows:

� �0:01 �0:005 0.005 0.01

I.�/ 0.998667Im 0.9999667Im 0.9999667Im 0.9998667Im

The limit as� ! 0 is1 � Im D Im:

If R D 3, the table becomes:

� �0:01 �0:005 0.005 0.01

I.�/ 0.999700Im 0.999925Im 0.999925Im 0.999700Im

Again, the limit as� ! 0 is1Im D Im.

65. Investigate lim
�!0

sinn�

�
numerically for several values ofn. Then guess the value in general.

SOLUTION

� Forn D 3, we have

� �0:1 �0:01 �0:001 0.001 0.01 0.1

sinn�

�
2.955202 2.999550 2.999996 2.999996 2.999550 2.955202
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The limit as� ! 0 is 3.
� Forn D �5, we have

� �0:1 �0:01 �0:001 0.001 0.01 0.1

sinn�

�
�4:794255 �4:997917 �4:999979 �4:999979 �4:997917 �4:794255

The limit as� ! 0 is�5.
� We surmise that, in general, lim

�!0

sinn�

�
D n.

66. Show numerically that lim
x!0

bx � 1

x
for b D 3; 5 appears to equal ln3, ln5, where lnx is the natural logarithm. Then make a

conjecture (guess) for the value in general and test your conjecture for two additional values ofb.

SOLUTION

�
x �0:1 �0:01 �0:001 0.001 0.01 0.1

5x � 1
x

1.486601 1.596556 1.608144 1.610734 1.622459 1.746189

We have ln5 � 1:6094.
�

x �0:1 �0:01 �0:001 0.001 0.01 0.1

3x � 1
x

1.040415 1.092600 1.098009 1.099216 1.104669 1.161232

We have ln3 � 1:0986.

� We conjecture that lim
x!0

bx � 1
x

D lnb for any positive numberb. Here are two additional test cases.

x �0:1 �0:01 �0:001 0.001 0.01 0.1

�
1
2

�x � 1

x
�0:717735 �0:695555 �0:693387 �0:692907 �0:690750 �0:669670

We have ln12 � �0:69315.

x �0:1 �0:01 �0:001 0.001 0.01 0.1

7x � 1
x

1.768287 1.927100 1.944018 1.947805 1.964966 2.148140

We have ln7 � 1:9459.

67. Investigate lim
x!1

xn � 1

xm � 1 for .m; n/ equal to.2; 1/, .1; 2/, .2; 3/, and.3; 2/. Then guess the value of the limit in general and

check your guess for two additional pairs.

SOLUTION

�

x 0.99 0.9999 1.0001 1.01

x � 1

x2 � 1
0.502513 0.500025 0.499975 0.497512

The limit asx ! 1 is 12 .

x 0.99 0.9999 1.0001 1.01

x2 � 1

x � 1
1.99 1.9999 2.0001 2.01
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The limit asx ! 1 is 2.

x 0.99 0.9999 1.0001 1.01

x2 � 1

x3 � 1
0.670011 0.666700 0.666633 0.663344

The limit asx ! 1 is 23 .

x 0.99 0.9999 1.0001 1.01

x3 � 1

x2 � 1
1.492513 1.499925 1.500075 1.507512

The limit asx ! 1 is 32 .

� For generalm andn, we have lim
x!1

xn � 1

xm � 1
D n

m
.

�

x 0.99 0.9999 1.0001 1.01

x � 1

x3 � 1
0.336689 0.333367 0.333300 0.330022

The limit asx ! 1 is 13 .

x 0.99 0.9999 1.0001 1.01

x3 � 1

x � 1
2.9701 2.9997 3.0003 3.0301

The limit asx ! 1 is 3.

x 0.99 0.9999 1.0001 1.01

x3 � 1

x7 � 1
0.437200 0.428657 0.428486 0.420058

The limit asx ! 1 is 37 � 0:428571.

68. Find by numerical experimentation the positive integersk such that lim
x!0

sin.sin2 x/

xk
exists.

SOLUTION

� Fork D 1, we have lim
x!0

f .x/ D lim
x!0

sin.sin2 x/

x
D 0.

x �0:01 �0:0001 0.0001 0.01

f .x/ �0:01 �0:0001 0.0001 0.01

� For k D 2, we have lim
x!0

f .x/ D lim
x!0

sin.sin2 x/

x2
D 1.

x �0:01 �0:0001 0.0001 0.01

f .x/ 0.999967 1.000000 1.000000 0.999967

� For k D 3, the limit does not exist.

x �0:01 �0:0001 0.0001 0.01

f .x/ �102 �104 104 102

Indeed, asx ! 0�, f .x/ D sin.sin2 x/

x3
! �1, whereas asx ! 0C, f .x/ D sin.sin2 x/

x3
! 1.
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� For k D 4, we have lim
x!0

f .x/ D lim
x!0

sin.sin2 x/

x4
D 1.

x �0:01 �0:0001 0.0001 0.01

f .x/ 104 108 108 104

� For k D 5, the limit does not exist.

x �0:01 �0:0001 0.0001 0.01

f .x/ �106 �1012 1012 106

Indeed, asx ! 0�, f .x/ D sin.sin2 x/

x5
! �1, whereas asx ! 0C, f .x/ D sin.sin2 x/

x5
! 1.

� Fork D 6, we have lim
x!0

f .x/ D lim
x!0

sin.sin2 x/

x6
D 1.

x �0:01 �0:0001 0.0001 0.01

f .x/ 108 1016 1016 108

� SUMMARY

– Fork D 1, the limit is 0.
– Fork D 2, the limit is 1.
– For oddk > 2, the limit does not exist.
– For evenk > 2, the limit is1.

69. Plot the graph off .x/ D 2x � 8

x � 3
.

(a) Zoom in on the graph to estimateL D lim
x!3

f .x/.

(b) Explain why

f .2:99999/ � L � f .3:00001/

Use this to determineL to three decimal places.

SOLUTION

(a)

5.555

5.565

5.545

5.535

5.525

y

x = 3

y = 2
x − 8

x − 3

(b) It is clear that the graph off rises as we move to the right. Mathematically, we may express this observation as: whenever
u < v, f .u/ < f .v/. Because

2:99999 < 3 D lim
x!3

f .x/ < 3:00001;

it follows that

f .2:99999/ < L D lim
x!3

f .x/ < f .3:00001/:

With f .2:99999/ � 5:54516 andf .3:00001/ � 5:545195, the above inequality becomes5:54516 < L < 5:545195; hence, to
three decimal places,L D 5:545.

70. The functionf .x/ D 21=x � 2�1=x

21=x C 2�1=x is defined forx ¤ 0.

(a) Investigate lim
x!0C

f .x/ and lim
x!0�

f .x/ numerically.

(b) Plot the graph off and describe its behavior nearx D 0.
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SOLUTION

(a)

x �0:3 �0:2 �0:1 0.1 0.2 0.3

f .x/ �0:980506 �0:998049 �0:999998 0.999998 0.998049 0.980506

(b) Asx ! 0�; f .x/ ! �1, whereas asx ! 0C; f .x/ ! 1.

−0.5

0.5

−1

1

y

0.5 1−1 −0.5
x

2.3 Basic Limit Laws

Preliminary Questions
1. State the Sum Law and Quotient Law.

SOLUTION Suppose limx!c f .x/ and limx!c g.x/ both exist. The Sum Law states that

lim
x!c

.f .x/C g.x// D lim
x!c

f .x/C lim
x!c

g.x/:

Provided limx!c g.x/ ¤ 0, the Quotient Law states that

lim
x!c

f .x/

g.x/
D limx!c f .x/

limx!c g.x/
:

2. Which of the following is a verbal version of the Product Law (assuming the limits exist)?

(a) The product of two functions has a limit.

(b) The limit of the product is the product of the limits.

(c) The product of a limit is a product of functions.

(d) A limit produces a product of functions.

SOLUTION The verbal version of the Product Law is(b): The limit of the product is the product of the limits.

3. Which statement is correct? The Quotient Law does not hold if:

(a) The limit of the denominator is zero.

(b) The limit of the numerator is zero.

SOLUTION Statement(a) is correct. The Quotient Law does not hold if the limit of the denominator is zero.

Exercises
In Exercises 1–24, evaluate the limit using the Basic Limit Laws and the limitslim

x!c
xp=q D cp=q and lim

x!c
k D k.

1. lim
x!9

x

SOLUTION lim
x!9

x D 9.

2. lim
x!�3

14

SOLUTION lim
x!�3

14 D 14.

3. lim
x! 1

2

x4

SOLUTION lim
x! 1

2

x4 D
�
1

2

�4
D 1

16
.
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4. lim
z!27

z2=3

SOLUTION lim
z!27

z2=3 D 272=3 D 9.

5. lim
t!2

t�1

SOLUTION lim
t!2

t�1 D 2�1 D 1

2
.

6. lim
x!5

x�2

SOLUTION lim
x!5

x�2 D 5�2 D 1

25
.

7. lim
x!0:2

.3x C 4/

SOLUTION Using the Sum Law and the Constant Multiple Law:

lim
x!0:2

.3x C 4/ D lim
x!0:2

3x C lim
x!0:2

4

D 3 lim
x!0:2

x C lim
x!0:2

4 D 3.0:2/C 4 D 4:6:

8. lim
x! 1

3

.3x3 C 2x2/

SOLUTION Using the Sum Law, the Constant Multiple Law and the Powers Law:

lim
x! 1

3

.3x3 C 2x2/ D lim
x! 1

3

3x3 C lim
x! 1

3

2x2

D 3 lim
x! 1

3

x3 C 2 lim
x! 1

3

x2

D 3

�
1

3

�3
C 2

�
1

3

�2
D 1

3
:

9. lim
x!�1

.3x4 � 2x3 C 4x/

SOLUTION Using the Sum Law, the Constant Multiple Law and the Powers Law:

lim
x!�1

.3x4 � 2x3 C 4x/ D lim
x!�1

3x4 � lim
x!�1

2x3 C lim
x!�1

4x

D 3 lim
x!�1

x4 � 2 lim
x!�1

x3 C 4 lim
x!�1

x

D 3.�1/4 � 2.�1/3 C 4.�1/ D 3C 2 � 4 D 1:

10. lim
x!8

.3x2=3 � 16x�1/

SOLUTION Using the Sum Law, the Constant Multiple Law and the Powers Law:

lim
x!8

.3x2=3 � 16x�1/ D lim
x!8

3x2=3 � lim
x!8

16x�1

D 3 lim
x!8

x2=3 � 16 lim
x!8

x�1

D 3.8/2=3 � 16.8/�1 D 3.4/ � 2 D 10:

11. lim
x!2

.x C 1/.3x2 � 9/

SOLUTION Using the Product Law, the Sum Law and the Constant Multiple Law:

lim
x!2

.x C 1/
�
3x2 � 9

�
D
�

lim
x!2

x C lim
x!2

1

��
lim
x!2

3x2 � lim
x!2

9

�

D .2C 1/

�
3 lim
x!2

x2 � 9

�

D 3.3.2/2 � 9/ D 9:

12. lim
x! 1

2

.4x C 1/.6x � 1/
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SOLUTION Using the Product Law, the Sum Law and the Constant Multiple Law:

lim
x!1=2

.4x C 1/.6x � 1/ D
�

lim
x!1=2

.4x C 1/

��
lim

x!1=2
.6x � 1/

�

D
�

lim
x!1=2

4x C lim
x!1=2

1

��
lim

x!1=2
6x � lim

x!1=2
1

�

D
�
4 lim
x!1=2

x C lim
x!1=2

1

��
6 lim
x!1=2

x � lim
x!1=2

1

�

D
�
4 � 1
2

C 1

��
6 � 1
2

� 1

�
D 3.2/ D 6:

13. lim
t!4

3t � 14
t C 1

SOLUTION Using the Quotient Law, the Sum Law and the Constant Multiple Law:

lim
t!4

3t � 14
t C 1

D
lim
t!4

.3t � 14/

lim
t!4

.t C 1/
D
3 lim
t!4

t � lim
t!4

14

lim
t!4

t C lim
t!4

1
D 3 � 4 � 14

4C 1
D �2

5
:

14. lim
z!9

p
z

z � 2

SOLUTION Using the Quotient Law, the Powers Law and the Sum Law:

lim
z!9

p
z

z � 2
D

lim
z!9

p
z

lim
z!9

.z � 2/ D
lim
z!9

p
z

lim
z!9

z � lim
z!9

2
D 3

7
:

15. lim
y! 1

4

.16y C 1/.2y1=2 C 1/

SOLUTION Using the Product Law, the Sum Law, the Constant Multiple Law and the Powers Law:

lim
y! 1

4

.16y C 1/.2y1=2 C 1/ D
 

lim
y! 1

4

.16y C 1/

! 
lim
y! 1

4

.2y1=2 C 1/

!

D
 
16 lim
y! 1

4

y C lim
y! 1

4

1

! 
2 lim
y! 1

4

y1=2 C lim
y! 1

4

1

!

D
�
16

�
1

4

�
C 1

��
2

�
1

2

�
C 1

�
D 10:

16. lim
x!2

x.x C 1/.x C 2/

SOLUTION Using the Product Law and Sum Law:

lim
x!2

x.x C 1/.x C 2/ D
�

lim
x!2

x

��
lim
x!2

.x C 1/

��
lim
x!2

.x C 2/

�

D 2

�
lim
x!2

x C lim
x!2

1

��
lim
x!2

x C lim
x!2

2

�

D 2.2C 1/.2C 2/ D 24

17. lim
y!4

1p
6y C 1

SOLUTION Using the Quotient Law, the Powers Law, the Sum Law and the Constant Multiple Law:

lim
y!4

1p
6y C 1

D 1

lim
y!4

p
6y C 1

D 1q
6 lim
y!4

y C 1

D 1p
6.4/C 1

D 1

5
:

18. lim
w!7

p
w C 2C 1p
w � 3 � 1
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SOLUTION Using the Quotient Law, the Sum Law and the Powers Law:

lim
w!7

p
w C 2C 1p
w � 3 � 1

D
lim
w!7

.
p
w C 2C 1/

lim
w!7

.
p
w � 3 � 1/

D

q
lim
w!7

.w C 2/C 1

q
lim
w!7

.w � 3/ � 1

D
p
9C 1p
4 � 1

D 4:

19. lim
x!�1

x

x3 C 4x

SOLUTION Using the Quotient Law, the Sum Law, the Powers Law and the Constant Multiple Law:

lim
x!�1

x

x3 C 4x
D

lim
x!�1

x

lim
x!�1

x3 C 4 lim
x!�1

x
D �1
.�1/3 C 4.�1/

D 1

5
:

20. lim
t!�1

t2 C 1

.t3 C 2/.t4 C 1/

SOLUTION Using the Quotient Law, the Product Law, the Sum Law and the Powers Law:

lim
x!�1

t2 C 1

.t3 C 2/.t4 C 1/
D

lim
x!�1

t2 C lim
x!�1

1

�
lim
x!�1

t3 C lim
x!�1

2

��
lim
x!�1

t4 C lim
x!�1

1

�

D .�1/2 C 1

..�1/3 C 2/..�1/4 C 1/
D 2

.1/.2/
D 1:

21. lim
t!25

3
p
t � 1

5 t

.t � 20/2

SOLUTION Using the Quotient Law, the Sum Law, the Constant Multiple Law and the Powers Law:

lim
t!25

3
p
t � 1

5 t

.t � 20/2
D
3
q

lim
t!25

t � 1
5 lim
t!25

t

�
lim
t!25

t � 20

�2 D
3.5/ � 1

5 .25/

52
D 2

5
:

22. lim
y! 1

3

.18y2 � 4/4

SOLUTION Using the Powers Law, the Sum Law and the Constant Multiple Law:

lim
y! 1

3

.18y2 � 4/4 D
 
18 lim
y! 1

3

y2 � 4

!4
D .2 � 4/4 D 16:

23. lim
t! 3

2

.4t2 C 8t � 5/3=2

SOLUTION Using the Powers Law, the Sum Law and the Constant Multiple Law:

lim
t! 3

2

.4t2 C 8t � 5/3=2 D
 
4 lim
t! 3

2

t2 C 8 lim
t! 3

2

t � 5

!3=2
D .9C 12 � 5/3=2 D 64:

24. lim
t!7

.t C 2/1=2

.t C 1/2=3

SOLUTION Using the Quotient Law, the Powers Law and the Sum Law:

lim
t!7

.t C 2/1=2

.t C 1/2=3
D

�
lim
t!7

t C 2

�1=2

�
lim
t!7

t C 1

�2=3 D 91=2

82=3
D 3

4
:
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25. Use the Quotient Law to prove that if lim
x!c

f .x/ exists and is nonzero, then

lim
x!c

1

f .x/
D 1

lim
x!c

f .x/

SOLUTION Since lim
x!c

f .x/ is nonzero, we can apply the Quotient Law:

lim
x!c

�
1

f .x/

�
D

�
lim
x!c

1
�

�
lim
x!c

f .x/
� D 1

lim
x!c

f .x/
:

26. Assuming that lim
x!6

f .x/ D 4, compute:

(a) lim
x!6

f .x/2 (b) lim
x!6

1

f .x/
(c) lim

x!6
x
p
f .x/

SOLUTION

(a) Using the Powers Law:

lim
x!6

f .x/2 D
�

lim
x!6

f .x/

�2
D 42 D 16:

(b) Since lim
x!6

f .x/ ¤ 0, we may apply the Quotient Law:

lim
x!6

1

f .x/
D 1

lim
x!6

f .x/
D 1

4
:

(c) Using the Product Law and Powers Law:

lim
x!6

x
p
f .x/ D

�
lim
x!6

x

��
lim
x!6

f .x/

�1=2
D 6.4/1=2 D 12:

In Exercises 27–30, evaluate the limit assuming thatlim
x!�4

f .x/ D 3 and lim
x!�4

g.x/ D 1.

27. lim
x!�4

f .x/g.x/

SOLUTION lim
x!�4

f .x/g.x/ D lim
x!�4

f .x/ lim
x!�4

g.x/ D 3 � 1 D 3.

28. lim
x!�4

.2f .x/C 3g.x//

SOLUTION

lim
x!�4

.2f .x/C 3g.x// D 2 lim
x!�4

f .x/C 3 lim
x!�4

g.x/

D 2 � 3C 3 � 1 D 6C 3 D 9:

29. lim
x!�4

g.x/

x2

SOLUTION Since lim
x!�4

x2 ¤ 0, we may apply the Quotient Law, then applying the Powers Law:

lim
x!�4

g.x/

x2
D

lim
x!�4

g.x/

lim
x!�4

x2
D 1
�

lim
x!�4

x

�2 D 1

16
:

30. lim
x!�4

f .x/C 1

3g.x/� 9

SOLUTION

lim
x!�4

f .x/C 1

3g.x/� 9
D

lim
x!�4

f .x/C lim
x!�4

1

3 lim
x!�4

g.x/� lim
x!�4

9
D 3C 1

3 � 1 � 9
D 4

�6 D �2
3
:

31. Can the Quotient Law be applied to evaluate lim
x!0

sinx

x
? Explain.
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SOLUTION The limit Quotient Lawcannotbe applied to evaluate lim
x!0

sinx

x
since lim

x!0
x D 0. This violates a condition of the

Quotient Law. Accordingly, the rulecannotbe employed.

32. Show that the Product Law cannot be used to evaluate the limit lim
x!�=2

�
x � �

2

�
tanx:

SOLUTION The limit Product Lawcannotbe applied to evaluate lim
x!�=2

.x � �=2/ tanx since lim
x!�=2

tanx does not exist (for

example, asx ! �=2�, tanx ! 1). This violates a hypothesis of the Product Law. Accordingly, the rulecannotbe employed.

33. Give an example where lim
x!0

.f .x/C g.x// exists but neither lim
x!0

f .x/ nor lim
x!0

g.x/ exists.

SOLUTION Let f .x/ D 1=x andg.x/ D �1=x. Then lim
x!0

.f .x/C g.x// D lim
x!0

0 D 0 However, lim
x!0

f .x/ D lim
x!0

1=x and

lim
x!0

g.x/ D lim
x!0

�1=x do not exist.

Further Insights and Challenges

34. Show that if both lim
x!c

f .x/g.x/ and lim
x!c

g.x/ exist and lim
x!c

g.x/ ¤ 0, then lim
x!c

f .x/ exists.Hint: Write f .x/ D
f .x/ g.x/

g.x/
.

SOLUTION Given that lim
x!c

f .x/g.x/D L and lim
x!c

g.x/ D M ¤ 0 both exist, observe that

lim
x!c

f .x/ D lim
x!c

f .x/g.x/

g.x/
D

lim
x!c

f .x/g.x/

lim
x!c

g.x/
D L

M

also exists.

35. Suppose that lim
t!3

tg.t/ D 12. Show that lim
t!3

g.t/ exists and equals4.

SOLUTION We are given that lim
t!3

tg.t/ D 12. Since lim
t!3

t D 3 ¤ 0, we may apply the Quotient Law:

lim
t!3

g.t/ D lim
t!3

tg.t/

t
D

lim
t!3

tg.t/

lim
t!3

t
D 12

3
D 4:

36. Prove that if lim
t!3

h.t/
t D 5, then lim

t!3
h.t/ D 15.

SOLUTION Given that lim
t!3

h.t/

t
D 5, observe that lim

t!3
t D 3. Now use the Product Law:

lim
t!3

h.t/ D lim
t!3

t
h.t/

t
D
�

lim
t!3

t

��
lim
t!3

h.t/

t

�
D 3 � 5 D 15:

37. Assuming that lim
x!0

f.x/
x D 1, which of the following statements is necessarily true? Why?

(a) f .0/ D 0 (b) lim
x!0

f .x/ D 0

SOLUTION

(a) Given that lim
x!0

f .x/

x
D 1, it is not necessarily true thatf .0/ D 0. A counterexample is provided byf .x/ D

(
x; x ¤ 0

5; x D 0
.

(b) Given that lim
x!0

f .x/

x
D 1, it is necessarily true that lim

x!0
f .x/ D 0. For note that lim

x!0
x D 0, whence

lim
x!0

f .x/ D lim
x!0

x
f .x/

x
D
�

lim
x!0

x

��
lim
x!0

f .x/

x

�
D 0 � 1 D 0:

38. Prove that if lim
x!c

f .x/ D L ¤ 0 and lim
x!c

g.x/ D 0, then the limit lim
x!c

f .x/
g.x/

does not exist.

SOLUTION Suppose that lim
x!c

f .x/

g.x/
exists. Then

L D lim
x!c

f .x/ D lim
x!c

g.x/ � f .x/
g.x/

D lim
x!c

g.x/ � lim
x!c

f .x/

g.x/
D 0 � lim

x!c

f .x/

g.x/
D 0:

But, we were given thatL ¤ 0, so we have arrived at a contradiction. Thus, lim
x!c

f .x/

g.x/
does not exist.
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39. Suppose that lim
h!0

g.h/ D L.

(a) Explain why lim
h!0

g.ah/ D L for any constanta ¤ 0.

(b) If we assume instead that lim
h!1

g.h/ D L, is it still necessarily true that lim
h!1

g.ah/ D L?

(c) Illustrate (a) and (b) with the functionf .x/ D x2.

SOLUTION

(a) As h ! 0, ah ! 0 as well; hence, if we make the change of variablew D ah, then

lim
h!0

g.ah/ D lim
w!0

g.w/ D L:

(b) No. Ash ! 1, ah ! a, so we should not expect lim
h!1

g.ah/ D lim
h!1

g.h/.

(c) Let g.x/ D x2. Then

lim
h!0

g.h/ D 0 and lim
h!0

g.ah/ D lim
h!0

.ah/2 D 0:

On the other hand,

lim
h!1

g.h/ D 1 while lim
h!1

g.ah/ D lim
h!1

.ah/2 D a2;

which is equal to the previous limit if and only ifa D ˙1.

40. Assume thatL.a/ D lim
x!0

ax � 1

x
exists for alla > 0. Assume also that lim

x!0
ax D 1.

(a) Prove thatL.ab/ D L.a/ C L.b/ for a; b > 0. Hint: .ab/x � 1 D ax.bx � 1/C .ax � 1/. This shows thatL.a/ “behaves”
like a logarithm. We will see thatL.a/ D ln a in Section 3.10.

(b) Verify numerically thatL.12/ D L.3/C L.4/.

SOLUTION

(a) Let a; b > 0. Then

L.ab/ D lim
x!0

.ab/x � 1

x
D lim
x!0

ax.bx � 1/C .ax � 1/

x

D lim
x!0

ax � lim
x!0

bx � 1

x
C lim
x!0

ax � 1

x

D 1 � L.b/C L.a/ D L.a/C L.b/:

(b) From the table below, we estimate that, to three decimal places,L.3/ D 1:099, L.4/ D 1:386 andL.12/ D 2:485. Thus,

L.12/ D 2:485 D 1:099C 1:386 D L.3/C L.4/:

x �0:01 �0:001 �0:0001 0.0001 0.001 0.01

.3x � 1/=x 1.092600 1.098009 1.098552 1.098673 1.099216 1.104669

.4x � 1/=x 1.376730 1.385334 1.386198 1.386390 1.387256 1.395948

.12x � 1/=x 2.454287 2.481822 2.484600 2.485215 2.488000 2.516038

2.4 Limits and Continuity

Preliminary Questions
1. Which property off .x/ D x3 allows us to conclude that lim

x!2
x3 D 8?

SOLUTION We can conclude that limx!2 x
3 D 8 because the functionx3 is continuous atx D 2.

2. What can be said aboutf .3/ if f is continuous and lim
x!3

f .x/ D 1
2?

SOLUTION If f is continuous and limx!3 f .x/ D 1
2 , thenf .3/ D 1

2 .
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3. Suppose thatf .x/ < 0 if x is positive andf .x/ > 1 if x is negative. Canf be continuous atx D 0?

SOLUTION Sincef .x/ < 0 whenx is positive andf .x/ > 1 whenx is negative, it follows that

lim
x!0C

f .x/ � 0 and lim
x!0�

f .x/ � 1:

Thus, limx!0 f .x/ does not exist, sof cannot be continuous atx D 0.

4. Is it possible to determinef .7/ if f .x/ D 3 for all x < 7 andf is right-continuous atx D 7? What iff is left-continuous?

SOLUTION No. To determinef .7/, we need to combine either knowledge of the values off .x/ for x < 7 with left-continuity or
knowledge of the values off .x/ for x > 7 with right-continuity.

5. Are the following true or false? If false, state a correct version.

(a) f .x/ is continuous atx D a if the left- and right-hand limits off .x/ asx ! a exist and are equal.
(b) f .x/ is continuous atx D a if the left- and right-hand limits off .x/ asx ! a exist and equalf .a/.

(c) If the left- and right-hand limits off .x/ asx ! a exist, thenf has a removable discontinuity atx D a.
(d) If f .x/ andg.x/ are continuous atx D a, thenf .x/C g.x/ is continuous atx D a.

(e) If f .x/ andg.x/ are continuous atx D a, thenf .x/=g.x/ is continuous atx D a.

SOLUTION

(a) False. The correct statement is “f .x/ is continuous atx D a if the left- and right-hand limits off .x/ asx ! a exist and equal
f .a/.”

(b) True.
(c) False. The correct statement is “If the left- and right-hand limits off .x/ asx ! a are equal but not equal tof .a/, thenf has a
removable discontinuity atx D a.”

(d) True.
(e) False. The correct statement is “Iff .x/ andg.x/ are continuous atx D a andg.a/ ¤ 0, thenf .x/=g.x/ is continuous at
x D a.”

Exercises
1. Referring to Figure 1, state whetherf .x/ is left- or right-continuous (or neither) at each point of discontinuity. Doesf .x/ have

any removable discontinuities?

1 2 3 4 5 6
x

5

4

3

2

1

y

FIGURE 1 Graph ofy D f .x/

SOLUTION

� The functionf is discontinuous atx D 1; it is right-continuous there.
� The functionf is discontinuous atx D 3; it is neither left-continuous nor right-continuous there.
� The functionf is discontinuous atx D 5; it is left-continuous there.

However, these discontinuities are not removable.

Exercises 2–4 refer to the functiong.x/ in Figure 2.

1 2 3 4 5 6
x

5

4

3

2

1

y

FIGURE 2 Graph ofy D g.x/
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2. State whetherg.x/ is left- or right-continuous (or neither) at each of its points of discontinuity.

SOLUTION

� The functiong is discontinuous atx D 1; it is left-continuous there.
� The functiong is discontinuous atx D 3; it is neither left-continuous nor right-continuous there.
� The functiong is discontinuous atx D 5; it is right-continuous there.

3. At which pointc doesg.x/ have a removable discontinuity? How shouldg.c/ be redefined to makeg continuous atx D c?

SOLUTION Because limx!3 g.x/ exists, the functiong has a removable discontinuity atx D 3. Assigningg.3/ D 4 makesg
continuous atx D 3.

4. Find the pointc1 at whichg.x/ has a jump discontinuity but is left-continuous. How shouldg.c1/ be redefined to makeg
right-continuous atx D c1?

SOLUTION The functiong has a jump discontinuity atx D 1, but is left-continuous there. Assigningg.1/ D 3 makesg right-
continuous atx D 1 (but no longer left-continuous).

5. In Figure 3, determine the one-sided limits at the points of discontinuity. Which discontinuity is removable and how shouldf

be redefined to make it continuous at this point?

42−2

6

x

y

FIGURE 3

SOLUTION The functionf is discontinuous atx D 0, at which lim
x!0�

f .x/ D 1 and lim
x!0C

f .x/ D 2. The functionf is also

discontinuous atx D 2; at which lim
x!2�

f .x/ D 6 and lim
x!2C

f .x/ D 6. Because the two one-sided limits exist and are equal at

x D 2, the discontinuity atx D 2 is removable. Assigningf .2/ D 6 makesf continuous atx D 2.

6. Suppose thatf .x/ D 2 for x < 3 andf .x/ D �4 for x > 3.

(a) What isf .3/ if f is left-continuous atx D 3?

(b) What isf .3/ if f is right-continuous atx D 3?

SOLUTION f .x/ D 2 for x < 3 andf .x/ D �4 for x > 3.

� If f is left-continuous atx D 3; thenf .3/ D limx!3� f .x/ D 2.
� If f is right-continuous atx D 3, thenf .3/ D limx!0C f .x/ D �4.

In Exercises 7–16, use the Laws of Continuity and Theorems 2 and 3 to show that the function is continuous.

7. f .x/ D x C sinx

SOLUTION Sincex and sinx are continuous, so isx C sinx by Continuity Law (i).

8. f .x/ D x sinx

SOLUTION Sincex and sinx are continuous, so isx sinx by Continuity Law (iii).

9. f .x/ D 3x C 4 sinx

SOLUTION Sincex and sinx are continuous, so are3x and4 sinx by Continuity Law (ii). Thus3x C 4 sinx is continuous by
Continuity Law (i).

10. f .x/ D 3x3 C 8x2 � 20x

SOLUTION

� Sincex is continuous, so arex3 andx2 by repeated applications of Continuity Law (iii).
� Hence3x3, 8x2, and�20x are continuous by Continuity Law (ii).
� Finally, 3x3 C 8x2 � 20x is continuous by Continuity Law (i).

11. f .x/ D 1

x2 C 1
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SOLUTION

� Sincex is continuous, so isx2 by Continuity Law (iii).
� Recall that constant functions, such as 1, are continuous. Thusx2 C 1 is continuous.

� Finally,
1

x2 C 1
is continuous by Continuity Law (iv) becausex2 C 1 is never 0.

12. f .x/ D x2 � cosx

3C cosx

SOLUTION

� Sincex is continuous, so isx2 by Continuity Law (iii).
� Since cosx is continuous, so is� cosx by Continuity Law (ii).
� Accordingly,x2 � cosx is continuous by Continuity Law (i).
� Since 3 (a constant function) and cosx are continuous, so is3C cosx by Continuity Law (i).

� Finally,
x2 � cosx

3C cosx
is continuous by Continuity Law (iv) because3C cosx is never 0.

13. f .x/ D cos.x2/

SOLUTION The functionf .x/ is a composite of two continuous functions: cosx andx2, sof .x/ is continuous by Theorem 5,
which states that a composite of continuous functions is continuous.

14. f .x/ D tan�1.4x/

SOLUTION The functionf .x/ is a composite of two continuous functions: tan�1 x and4x , sof .x/ is continuous by Theorem 5,
which states that a composite of continuous functions is continuous.

15. f .x/ D ex cos3x

SOLUTION ex and cos3x are continuous, soex cos3x is continuous by Continuity Law (iii).

16. f .x/ D ln.x4 C 1/

SOLUTION

� Sincex is continuous, so isx4 by repeated application of Continuity Law (iii).
� Since 1 (a constant function) andx4 are continuous, so isx4 C 1 by Continuity Law (i).
� Finally, becausex4 C 1 > 0 for all x and lnx is continuous forx > 0, the composite function ln.x4 C 1/ is continuous.

In Exercises 17–34, determine the points of discontinuity. State the type of discontinuity (removable, jump, infinite, or none of these)
and whether the function is left- or right-continuous.

17. f .x/ D 1

x

SOLUTION The function1=x is discontinuous atx D 0; at which there is an infinite discontinuity. The function is neither left-
nor right-continuous atx D 0.

18. f .x/ D jxj
SOLUTION The functionf .x/ D jxj is continuous everywhere.

19. f .x/ D x � 2

jx � 1j

SOLUTION The function
x � 2

jx � 1j
is discontinuous atx D 1, at which there is an infinite discontinuity. The function is neither

left- nor right-continuous atx D 1.

20. f .x/ D Œx�

SOLUTION This function has a jump discontinuity atx D n for every integern. It is continuous at all other values ofx. For every
integern,

lim
x!nC

Œx� D n

sinceŒx� D n for all x betweenn andnC 1. This shows thatŒx� is right-continuousatx D n. On the other hand,

lim
x!n�

Œx� D n� 1

sinceŒx� D n � 1 for all x betweenn� 1 andn. ThusŒx� is not left-continuous.
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21. f .x/ D
�
1

2
x

�

SOLUTION The function
h
1
2x
i

is discontinuous at even integers, at which there are jump discontinuities. Because

lim
x!2nC

�
1

2
x

�
D n

but

lim
x!2n�

�
1

2
x

�
D n� 1;

it follows that this function is right-continuous at the even integers but not left-continuous.

22. g.t/ D 1

t2 � 1

SOLUTION The functionf .t/ D 1

t2 � 1
D 1

.t � 1/.t C 1/
is discontinuous att D �1 and t D 1, at which there are infinite

discontinuities. The function is neither left- nor right- continuous at either point of discontinuity.

23. f .x/ D x C 1

4x � 2

SOLUTION The functionf .x/ D x C 1

4x � 2
is discontinuous atx D 1

2 , at which there is an infinite discontinuity. The function is

neither left- nor right-continuous atx D 1
2 .

24. h.z/ D 1 � 2z
z2 � z � 6

SOLUTION The functionf .z/ D 1 � 2z
z2 � z � 6

D 1 � 2z

.z C 2/.z � 3/
is discontinuous atz D �2 andz D 3, at which there are infinite

discontinuities. The function is neither left- nor right- continuous at either point of discontinuity.

25. f .x/ D 3x2=3 � 9x3

SOLUTION The functionf .x/ D 3x2=3 � 9x3 is defined and continuous for allx.

26. g.t/ D 3t�2=3 � 9t3

SOLUTION The functiong.t/ D 3t�2=3 � 9t3 is discontinuous att D 0, at which there is an infinite discontinuity. The function
is neither left- nor right-continuous att D 0.

27. f .x/ D

8
<
:

x � 2

jx � 2j x ¤ 2

�1 x D 2

SOLUTION Forx > 2, f .x/ D x � 2
.x � 2/ D 1. Forx < 2, f .x/ D .x � 2/

.2 � x/
D �1. The function has a jump discontinuity atx D 2.

Because

lim
x!2�

f .x/ D �1 D f .2/

but

lim
x!2C

f .x/ D 1 ¤ f .2/;

it follows that this function is left-continuous atx D 2 but not right-continuous.

28. f .x/ D
(

cos
1

x
x ¤ 0

1 x D 0

SOLUTION The function cos
�
1
x

�
is discontinuous atx D 0, at which there is an oscillatory discontinuity. Because neither

lim
x!0�

f .x/ nor lim
x!0C

f .x/

exist, the function is neither left- nor right-continuous atx D 0.

29. g.t/ D tan2t

SOLUTION The functiong.t/ D tan2t D sin2t

cos2t
is discontinuous whenever cos2t D 0; i.e., whenever

2t D .2nC 1/�

2
or t D .2nC 1/�

4
;

wheren is an integer. At every such value oft there is an infinite discontinuity. The function is neither left- nor right-continuous at
any of these points of discontinuity.
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30. f .x/ D csc.x2/

SOLUTION The functionf .x/ D csc.x2/ D 1

sin.x2/
is discontinuous whenever sin.x2/ D 0; i.e., wheneverx2 D n� or

x D ˙
p
n�, wheren is a positive integer. At every such value ofx there is an infinite discontinuity. The function is neither left-

nor right-continuous at any of these points of discontinuity.

31. f .x/ D tan.sinx/

SOLUTION The functionf .x/ D tan.sinx/ is continuous everywhere. Reason: sinx is continuous everywhere and tanu is
continuous on

�
��
2 ;

�
2

�
—and in particular on�1 � u D sinx � 1. Continuity of tan.sinx/ follows by the continuity of composite

functions.

32. f .x/ D cos.�Œx�/

SOLUTION The functionf .x/ D cos.�Œx�/ has a jump discontinuity atx D n for every integern. The function is right-
continuous but not left-continuous at each of these points of discontinuity.

33. f .x/ D 1

ex � e�x

SOLUTION The functionf .x/ D 1

ex � e�x is discontinuous atx D 0, at which there is an infinite discontinuity. The function is

neither left- nor right-continuous atx D 0.

34. f .x/ D ln jx � 4j
SOLUTION The functionf .x/ D ln jx � 4j is discontinuous atx D 4, at which there is an infinite discontinuity. The function is
neither left- nor right-continuous atx D 4.

In Exercises 35–48, determine the domain of the function and prove that it is continuous on its domain using the Laws of Continuity
and the facts quoted in this section.

35. f .x/ D 2 sinx C 3 cosx

SOLUTION The domain of2 sinx C 3 cosx is all real numbers. Both sinx and cosx are continuous on this domain, so2 sinx C
3 cosx is continuous by Continuity Laws (i) and (ii).

36. f .x/ D
p
x2 C 9

SOLUTION The domain of
p
x2 C 9 is all real numbers, asx2 C 9 > 0 for all x. Since

p
x and the polynomialx2 C 9 are both

continuous, so is the composite function
p
x2 C 9.

37. f .x/ D
p
x sinx

SOLUTION This function is defined as long asx � 0. Since
p
x and sinx are continuous, so is

p
x sin x by Continuity Law (iii).

38. f .x/ D x2

x C x1=4

SOLUTION This function is defined as long asx � 0 andx C x1=4 ¤ 0, and so the domain is allx > 0. Sincex is continuous,

so arex2 andx C x1=4 by Continuity Laws (iii) and (i); hence, by Continuity Law (iv), so is
x2

x C x1=4
.

39. f .x/ D x2=32x

SOLUTION The domain ofx2=32x is all real numbers as the denominator of the rational exponent is odd. Bothx2=3 and2x are

continuous on this domain, sox2=32x is continuous by Continuity Law (iii).

40. f .x/ D x1=3 C x3=4

SOLUTION The domain ofx1=3 C x3=4 is x � 0. On this domain, bothx1=3 andx3=4 are continuous, sox1=3 C x3=4 is
continuous by Continuity Law (i).

41. f .x/ D x�4=3

SOLUTION This function is defined for allx ¤ 0. Because the functionx4=3 is continuous and not equal to zero forx ¤ 0, it
follows that

x�4=3 D 1

x4=3

is continuous forx ¤ 0 by Continuity Law (iv).

42. f .x/ D ln.9 � x2/
SOLUTION The domain of ln.9 � x2/ is all x such that9 � x2 > 0, or jxj < 3. The polynomial9 � x2 is continuous for all real
numbers and lnx is continuous forx > 0; therefore, the composite function ln.9� x2/ is continuous forjxj < 3.
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43. f .x/ D tan2 x

SOLUTION The domain of tan2 x is all x ¤ ˙.2n � 1/�=2 wheren is a positive integer. Because tanx is continuous on this
domain, it follows from Continuity Law (iii) that tan2 x is also continuous on this domain.

44. f .x/ D cos.2x/

SOLUTION The domain of cos.2x/ is all real numbers. Because the functions cosx and2x are continuous on this domain, so is
the composite function cos.2x/.

45. f .x/ D .x4 C 1/3=2

SOLUTION The domain of.x4 C 1/3=2 is all real numbers asx4 C 1 > 0 for all x. Becausex3=2 and the polynomialx4 C 1 are

both continuous, so is the composite function.x4 C 1/3=2.

46. f .x/ D e�x2

SOLUTION The domain ofe�x2
is all real numbers. Becauseex and the polynomial�x2 are both continuous for all real numbers,

so is the composite functione�x2
.

47. f .x/ D cos.x2/

x2 � 1
SOLUTION The domain for this function is allx ¤ ˙1. Because the functions cosx andx2 are continuous on this domain, so
is the composite function cos.x2/. Finally, because the polynomialx2 � 1 is continuous and not equal to zero forx ¤ ˙1, the

function
cos.x2/

x2 � 1
is continuous by Continuity Law (iv).

48. f .x/ D 9tanx

SOLUTION The domain of9tanx is all x ¤ ˙.2n � 1/�=2 wheren is a positive integer. Because tanx and9x are continuous on
this domain, it follows that the composite function9tanx is also continuous on this domain.

49. Show that the function

f .x/ D

8
<̂

:̂

x2 C 3 for x < 1

10 � x for 1 � x � 2

6x � x2 for x > 2

is continuous forx ¤ 1; 2. Then compute the right- and left-hand limits atx D 1, 2, and determine whetherf .x/ is left-continuous,
right-continuous, or continuous at these points (Figure 4).

621

9

y = 10 − x

y = 6x − x2

y = x2 + 3
x

y

FIGURE 4

SOLUTION Let’s start withx ¤ 1; 2.

� Becausex is continuous, so isx2 by Continuity Law (iii). The constant function 3 is also continuous, sox2 C 3 is continuous
by Continuity Law (i). Therefore,f .x/ is continuous forx < 1.

� Becausex and the constant function 10 are continuous, the function10 � x is continuous by Continuity Law (i). Therefore,
f .x/ is continuous for1 < x < 2.

� Becausex is continuous,x2 is continuous by Continuity Law (iii) and6x is continuous by Continuity Law (ii). Therefore,
6x � x2 is continuous by Continuity Law (i), sof .x/ is continuous forx > 2.

At x D 1, f .x/ has a jump discontinuity because the one-sided limits exist but are not equal:

lim
x!1�

f .x/ D lim
x!1�

.x2 C 3/ D 4; lim
x!1C

f .x/ D lim
x!1C

.10 � x/ D 9:

Furthermore, the right-hand limit equals the function valuef .1/ D 9, sof .x/ is right-continuous atx D 1. At x D 2,

lim
x!2�

f .x/ D lim
x!2�

.10 � x/ D 8; lim
x!2C

f .x/ D lim
x!2C

.6x � x2/ D 8:

The left- and right-hand limits exist and are equal tof .2/, sof .x/ is continuous atx D 2.
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50. Sawtooth Function Draw the graph off .x/ D x � Œx�. At which points isf discontinuous? Is it left- or right-continuous at
those points?

SOLUTION Two views of the sawtooth functionf .x/ D x � Œx� appear below. The first is the actual graph. In the second, the
jumps are “connected” so as to better illustrate its “sawtooth” nature. The function is right-continuous at integer values ofx.

11

31 2−3 −2 −1
x

y

31 2−3 −2 −1
x

y

In Exercises 51–54, sketch the graph off .x/. At each point of discontinuity, state whetherf is left- or right-continuous.

51. f .x/ D
(
x2 for x � 1

2 � x for x > 1

SOLUTION

−1

1

−1

x

y

1 2 3

The functionf is continuous everywhere.

52. f .x/ D

8
<
:
x C 1 for x < 1

1

x
for x � 1

SOLUTION

2

1

1 2 3−2 −1

−1

x

y

The functionf is right-continuous atx D 1.

53. f .x/ D

8
<
:
x2 � 3x C 2

jx � 2j x ¤ 2

0 x D 2

SOLUTION

1

−1−2 4 6

2

3

4

5

y

x

The functionf is neither left- nor right-continuous atx D 2.

54. f .x/ D

8
<̂

:̂

x3 C 1 for �1 < x � 0

�x C 1 for 0 < x < 2

�x2 C 10x � 15 for x � 2
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SOLUTION

10

5

5

−5

x

y

The functionf is right-continuous atx D 2.

55. Show that the function

f .x/ D

8
<
:
x2 � 16

x � 4
x ¤ 4

10 x D 4

has a removable discontinuity atx D 4.

SOLUTION To show thatf .x/ has a removable discontinuity atx D 4, we must establish that

lim
x!4

f .x/

exists but does not equalf .4/. Now,

lim
x!4

x2 � 16

x � 4 D lim
x!4

.x C 4/ D 8 ¤ 10 D f .4/I

thus,f .x/ has a removable discontinuity atx D 4. To remove the discontinuity, we must redefinef .4/ D 8.

56. Definef .x/ D x sin 1x C 2 for x ¤ 0. Plotf .x/. How shouldf .0/ be defined so thatf is continuous atx D 0?

SOLUTION

3.0

2.5

2.0

1.5

1.0

0.5

y

x
−3 −2 −1 1 2 3

From the graph, it appears thatf .0/ should be defined equal to 2 to makef continuous atx D 0.

In Exercises 57–59, find the value of the constant (a, b, or c) that makes the function continuous.

57. f .x/ D
(
x2 � c for x < 5

4x C 2c for x � 5

SOLUTION As x ! 5�, we havex2 � c ! 25 � c D L. As x ! 5C, we have4x C 2c ! 20 C 2c D R. Match the limits:

L D R or 25 � c D 20C 2c impliesc D 5
3 .

58. f .x/ D
(
2x C 9x�1 for x � 3

�4x C c for x > 3

SOLUTION As x ! 3�, we have2x C 9x�1 ! 9 D L. As x ! 3C, we have�4x C c ! c � 12 D R. Match the limits:
L D R or 9 D c � 12 impliesc D 21.

59. f .x/ D

8
<̂

:̂

x�1 for x < �1
ax C b for � 1 � x � 1

2

x�1 for x > 1
2

SOLUTION As x ! �1�, x�1 ! �1 while asx ! �1C, ax C b ! b � a. For f to be continuous atx D �1, we must

therefore haveb � a D �1. Now, asx ! 1
2�, ax C b ! 1

2aC b while asx ! 1
2C, x�1 ! 2. Forf to be continuous atx D 1

2 ,
we must therefore have12aC b D 2. Solving these two equations fora andb yieldsa D 2 andb D 1.
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60. Define

g.x/ D

8
<̂

:̂

x C 3 for x < �1
cx for � 1 � x � 2

x C 2 for x > 2

Find a value ofc such thatg.x/ is

(a) left-continuous (b) right-continuous

In each case, sketch the graph ofg.x/.

SOLUTION

(a) In order forg.x/ to be left-continuous, we need

lim
x!�1�

g.x/ D lim
x!�1�

.x C 3/ D 2

to be equal to

lim
x!�1C

g.x/ D lim
x!�1C

cx D �c:

Therefore, we must havec D �2. The graph ofg.x/ with c D �2 is shown below.

6

y

x

4

2

−2
−4 −3 −2 −1 1 2 3 4 5

(b) In order forg.x/ to be right-continuous, we need

lim
x!2�

g.x/ D lim
x!2�

cx D 2c

to be equal to

lim
x!2C

g.x/ D lim
x!2C

.x C 2/ D 4:

Therefore, we must havec D 2. The graph ofg.x/ with c D 2 is shown below.

6

y

x

4

2

−4 −3 −2 −1 1 2 3 4 5

61. Defineg.t/ D tan�1
�

1

t � 1

�
for t ¤ 1. Answer the following questions, using a plot if necessary.

(a) Cang.1/ be defined so thatg.t/ is continuous att D 1?

(b) How shouldg.1/ be defined so thatg.t/ is left-continuous att D 1?

SOLUTION

(a) From the graph ofg.t/ shown below, we see thatg has a jump discontinuity att D 1; therefore,g.a/ cannot be defined so that
g is continuous att D 1.

y

x

−1

1

0.5 1.0 1.5 2.0

(b) To makeg left-continuous att D 1, we should define

g.1/ D lim
t!1�

tan�1
�
1
t�1

�
D ��

2
:
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62. Each of the following statements isfalse. For each statement, sketch the graph of a function that provides a counterexample.

(a) If lim
x!a

f .x/ exists, thenf .x/ is continuous atx D a.

(b) If f .x/ has a jump discontinuity atx D a, thenf .a/ is equal to either lim
x!a�

f .x/ or lim
x!aC

f .x/.

SOLUTION Refer to the two figures shown below.

(a) The figure at the left shows a function for which lim
x!a

f .x/ exists, but the function is not continuous atx D a because the

function is not defined atx D a.

(b) The figure at the right shows a function that has a jump discontinuity atx D a but f .a/ is not equal to either lim
x!a�

f .x/ or

lim
x!aC

f .x/.

yy

x
a a

x

In Exercises 63–66, draw the graph of a function onŒ0; 5� with the given properties.

63. f .x/ is not continuous atx D 1, but lim
x!1C

f .x/ and lim
x!1�

f .x/ exist and are equal.

SOLUTION

54321

1

2

3

4

y

x

64. f .x/ is left-continuous but not continuous atx D 2 and right-continuous but not continuous atx D 3.

SOLUTION

2

1

3

4

1 2 3 4 5

y

x

65. f .x/ has a removable discontinuity atx D 1, a jump discontinuity atx D 2, and

lim
x!3�

f .x/ D �1; lim
x!3C

f .x/ D 2

SOLUTION

54321

1

2

3

4

y

x

66. f .x/ is right- but not left-continuous atx D 1, left- but not right-continuous atx D 2, and neither left- nor right-continuous at
x D 3.
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SOLUTION

2

1

3

4

1 2 3 4 5

y

x

In Exercises 67–80, evaluate using substitution.

67. lim
x!�1

.2x3 � 4/

SOLUTION lim
x!�1

.2x3 � 4/ D 2.�1/3 � 4 D �6:

68. lim
x!2

.5x � 12x�2/

SOLUTION lim
x!2

.5x � 12x�2/ D 5.2/ � 12.2�2/ D 10 � 12.14 / D 7:

69. lim
x!3

x C 2

x2 C 2x

SOLUTION lim
x!3

x C 2

x2 C 2x
D 3C 2

32 C 2 � 3
D 5

15
D 1

3

70. lim
x!�

sin
�x
2

� �
�

SOLUTION lim
x!�

sin.x2 � �/ D sin.��
2 / D �1.

71. lim
x! �

4

tan.3x/

SOLUTION lim
x! �

4

tan.3x/ D tan.3 � �4 / D tan.3�4 / D �1

72. lim
x!�

1

cosx

SOLUTION lim
x!�

1

cosx
D 1

cos�
D 1

�1 D �1.

73. lim
x!4

x�5=2

SOLUTION lim
x!4

x�5=2 D 4�5=2 D 1

32
.

74. lim
x!2

p
x3 C 4x

SOLUTION lim
x!2

p
x3 C 4x D

q
23 C 4.2/ D 4.

75. lim
x!�1

.1 � 8x3/3=2

SOLUTION lim
x!�1

.1 � 8x3/3=2 D .1 � 8.�1/3/3=2 D 27.

76. lim
x!2

�7x C 2

4 � x

�2=3

SOLUTION lim
x!2

�
7x C 2

4 � x

�2=3
D
�
7.2/C 2

4 � 2

�2=3
D 4.

77. lim
x!3

10x
2�2x

SOLUTION lim
x!3

10x
2�2x D 103

2�2.3/ D 1000.

78. lim
x!� �

2

3sinx
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SOLUTION lim
x!� �

2

3sinx D 3sin.��=2/ D 1

3
.

79. lim
x!4

sin�1
�x
4

�

SOLUTION lim
x!4

sin�1
�x
4

�
D sin�1

�
lim
x!4

x

4

�
D sin�1

�
4

4

�
D �

2

80. lim
x!0

tan�1.ex/

SOLUTION lim
x!0

tan�1.ex/ D tan�1
�

lim
x!0

ex
�

D tan�1.e0/ D tan�1 1 D �

4

81. Suppose thatf .x/ andg.x/ are discontinuous atx D c. Does it follow thatf .x/C g.x/ is discontinuous atx D c? If not,
give a counterexample. Does this contradict Theorem 1 (i)?

SOLUTION Even if f .x/ andg.x/ are discontinuous atx D c, it is not necessarily true thatf .x/ C g.x/ is discontinuous at
x D c. For example, supposef .x/ D �x�1 andg.x/ D x�1. Both f .x/ andg.x/ are discontinuous atx D 0; however, the
functionf .x/C g.x/ D 0, which is continuous everywhere, includingx D 0. This does not contradict Theorem 1 (i), which deals
only with continuous functions.

82. Prove thatf .x/ D jxj is continuous for allx. Hint: To prove continuity atx D 0, consider the one-sided limits.

SOLUTION Let c < 0. Then

lim
x!c

jxj D lim
x!c

�x D �c D jcj:

Next, letc > 0. Then

lim
x!c

jxj D lim
x!c

x D c D jcj:

Finally,

lim
x!0�

jxj D lim
x!0�

�x D 0;

lim
x!0C

jxj D lim
x!0C

x D 0

and we recall thatj0j D 0. Thus,jxj is continuous for allx.

83. Use the result of Exercise 82 to prove that ifg.x/ is continuous, thenf .x/ D jg.x/j is also continuous.

SOLUTION Recall that the composition of two continuous functions is continuous. Now,f .x/ D jg.x/j is a composition of the
continuous functionsg.x/ andjxj, so is also continuous.

84. Which of the following quantities would be represented by continuous functions of time and which would have one or more
discontinuities?

(a) Velocity of an airplane during a flight
(b) Temperature in a room under ordinary conditions
(c) Value of a bank account with interest paid yearly
(d) The salary of a teacher
(e) The population of the world

SOLUTION

(a) The velocity of an airplane during a flight from Boston to Chicago is a continuous function of time.
(b) The temperature of a room under ordinary conditions is a continuous function of time.
(c) The value of a bank account with interest paid yearly isnot a continuous function of time. It has discontinuities when deposits
or withdrawals are made and when interest is paid.
(d) The salary of a teacher isnota continuous function of time. It has discontinuities whenever the teacher gets a raise (or whenever
his or her salary is lowered).
(e) The population of the world isnot a continuous function of time since it changes by a discrete amount with each birth or death.
Since it takes on such large numbers (many billions), it is often treated as a continuous function for the purposes of mathematical
modeling.

85. In 2009, the federal income taxT .x/ on income ofx dollars (up to $82,250) was determined by the formula

T .x/ D

8
<̂

:̂

0:10x for 0 � x < 8350

0:15x � 417:50 for 8350 � x < 33;950

0:25x � 3812:50 for 33;950 � x < 82;250

Sketch the graph ofT .x/. DoesT .x/ have any discontinuities? Explain why, ifT .x/ had a jump discontinuity, it might be advan-
tageous in some situations to earnlessmoney.
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SOLUTION T .x/, the amount of federal income tax owed on an income ofx dollars in 2009, might be a discontinuous function
depending upon how the tax tables are constructed (as determined by that year’s regulations). Here is a graph ofT .x/ for that
particular year.

20,000

5000

10,000

15,000

40,000 60,000 80,000
x

y

If T .x/ had a jump discontinuity (say atx D c), it might be advantageous to earn slightly less income thanc (sayc � �) and be
taxed at a lower rate than to earnc or more and be taxed at a higher rate. Your net earnings may actually be more in the former case
than in the latter one.

Further Insights and Challenges

86. If f .x/ has a removable discontinuity atx D c, then it is possible to redefinef .c/ so thatf .x/ is continuous atx D c.
Can this be done in more than one way?

SOLUTION In order forf .x/ to have a removable discontinuity atx D c, lim
x!c

f .x/ D Lmust exist. To remove the discontinuity,

we definef .c/ D L. Thenf is continuous atx D c since lim
x!c

f .x/ D L D f .c/. Now assumethat we may definef .c/ D M ¤
L and still havef continuous atx D c. Then lim

x!c
f .x/ D f .c/ D M . ThereforeM D L, a contradiction. Roughly speaking,

there’s only one way to fill in the hole in the graph off !

87. Give an example of functionsf .x/ andg.x/ such thatf .g.x// is continuous butg.x/ has at least one discontinuity.

SOLUTION Answers may vary. The simplest examples are the functionsf .g.x// wheref .x/ D C is a constant function, and
g.x/ is defined for allx. In these cases,f .g.x// D C . For example, iff .x/ D 3 andg.x/ D Œx�, g is discontinuous at all integer
valuesx D n, butf .g.x// D 3 is continuous.

88. Continuous at Only One Point Show that the following function is continuous only atx D 0:

f .x/ D
(
x for x rational

�x for x irrational

SOLUTION Let f .x/ D x for x rational andf .x/ D �x for x irrational.

� Now f .0/ D 0 since 0 is rational. Moreover, asx ! 0, we havejf .x/� f .0/j D jf .x/� 0j D jxj ! 0. Thus
lim
x!0

f .x/ D f .0/ andf is continuous atx D 0.

� Let c ¤ 0 be any nonzero rational number. Letfx1; x2; : : :g be a sequence of irrational points that approachc; i.e., asn ! 1,
thexn get arbitrarily close toc. Notice that asn ! 1, we havejf .xn/ � f .c/j D j�xn � cj D jxn C cj ! j2cj ¤ 0.
Therefore, it isnot true that lim

x!c
f .x/ D f .c/. Accordingly,f is not continuous atx D c. Sincec was arbitrary,f is

discontinuous at all rational numbers.
� Let c ¤ 0 be any nonzero irrational number. Letfx1; x2; : : :g be a sequence of rational points that approachc; i.e., asn ! 1,

thexn get arbitrarily close toc. Notice that asn ! 1, we havejf .xn/� f .c/j D jxn � .�c/j D jxn C cj ! j2cj ¤ 0.
Therefore, it isnot true that lim

x!c
f .x/ D f .c/. Accordingly,f is not continuous atx D c. Sincec was arbitrary,f is

discontinuous at all irrational numbers.
� CONCLUSION:f is continuous atx D 0 and is discontinuous at all pointsx ¤ 0.

89. Show thatf .x/ is a discontinuous function for allx wheref .x/ is defined as follows:

f .x/ D
(
1 for x rational

�1 for x irrational

Show thatf .x/2 is continuous for allx.

SOLUTION lim
x!c

f .x/ does not exist for anyc. If c is irrational, then there is always a rational numberr arbitrarily close toc

so thatjf .c/ � f .r/j D 2. If, on the other hand,c is rational, there is always anirrational numberz arbitrarily close toc so that
jf .c/ � f .z/j D 2.

On the other hand,f .x/2 is a constant function that always has value1, which is obviously continuous.
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2.5 Evaluating Limits Algebraically

Preliminary Questions
1. Which of the following is indeterminate atx D 1?

x2 C 1

x � 1
;

x2 � 1

x C 2
;

x2 � 1p
x C 3 � 2

;
x2 C 1p
x C 3 � 2

SOLUTION At x D 1, x2�1p
xC3�2 is of the form 0

0 ; hence, this function is indeterminate. None of the remaining functions is

indeterminate atx D 1: x
2C1
x�1 and x2C1p

xC3�2 are undefined because the denominator is zero but the numerator is not, whilex2�1
xC2

is equal to 0.

2. Give counterexamples to show that these statements are false:

(a) If f .c/ is indeterminate, then the right- and left-hand limits asx ! c are not equal.

(b) If lim
x!c

f .x/ exists, thenf .c/ is not indeterminate.

(c) If f .x/ is undefined atx D c, thenf .x/ has an indeterminate form atx D c.

SOLUTION

(a) Let f .x/ D x2�1
x�1 . At x D 1, f is indeterminate of the form00 but

lim
x!1�

x2 � 1
x � 1

D lim
x!1�

.x C 1/ D 2 D lim
x!1C

.x C 1/ D lim
x!1C

x2 � 1

x � 1
:

(b) Again, letf .x/ D x2�1
x�1 . Then

lim
x!1

f .x/ D lim
x!1

x2 � 1
x � 1 D lim

x!1
.x C 1/ D 2

butf .1/ is indeterminate of the form00 .

(c) Let f .x/ D 1
x . Thenf is undefined atx D 0 but does not have an indeterminate form atx D 0.

3. The method for evaluating limits discussed in this section is sometimes called “simplify and plug in.” Explain how it actually
relies on the property of continuity.

SOLUTION If f is continuous atx D c, then, by definition, limx!c f .x/ D f .c/; in other words, the limit of a continuous
function atx D c is the value of the function atx D c. The “simplify and plug-in” strategy is based on simplifying a function
which is indeterminate to a continuous function. Once the simplification has been made, the limit of the remaining continuous
function is obtained by evaluation.

Exercises
In Exercises 1–4, show that the limit leads to an indeterminate form. Then carry out the two-step procedure: Transform the function
algebraically and evaluate using continuity.

1. lim
x!6

x2 � 36

x � 6

SOLUTION When we substitutex D 6 into x2�36
x�6 , we obtain the indeterminate form00 . Upon factoring the numerator and

simplifying, we find

lim
x!6

x2 � 36
x � 6

D lim
x!6

.x � 6/.x C 6/

x � 6 D lim
x!6

.x C 6/ D 12:

2. lim
h!3

9 � h2
h � 3

SOLUTION When we substituteh D 3 into 9�h2

h�3 , we obtain the indeterminate form00 . Upon factoring the denominator and
simplifying, we find

lim
h!3

9 � h2

h � 3
D lim
h!3

.3 � h/.3C h/

h � 3
D lim
h!3

�.3C h/ D �6:
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3. lim
x!�1

x2 C 2x C 1

x C 1

SOLUTION When we substitutex D �1 into x2C2xC1
xC1 , we obtain the indeterminate form00 . Upon factoring the numerator and

simplifying, we find

lim
x!�1

x2 C 2x C 1

x C 1
D lim
x!�1

.x C 1/2

x C 1
D lim
x!�1

.x C 1/ D 0:

4. lim
t!9

2t � 18
5t � 45

SOLUTION When we substitutet D 9 into 2t�18
5t�45 , we obtain the indeterminate form00 . Upon dividing out the common factor of

t � 9 from both the numerator and denominator, we find

lim
t!9

2t � 18
5t � 45

D lim
t!9

2.t � 9/

5.t � 9/
D lim
t!9

2

5
D 2

5
:

In Exercises 5–34, evaluate the limit, if it exists. If not, determine whether the one-sided limits exist (finite or infinite).

5. lim
x!7

x � 7

x2 � 49

SOLUTION lim
x!7

x � 7

x2 � 49
D lim
x!7

x � 7
.x � 7/.x C 7/

D lim
x!7

1

x C 7
D 1

14
.

6. lim
x!8

x2 � 64

x � 9

SOLUTION lim
x!8

x2 � 64
x � 9

D 0

�1 D 0

7. lim
x!�2

x2 C 3x C 2

x C 2

SOLUTION lim
x!�2

x2 C 3x C 2

x C 2
D lim
x!�2

.x C 1/.x C 2/

x C 2
D lim
x!�2

.x C 1/ D �1.

8. lim
x!8

x3 � 64x

x � 8

SOLUTION lim
x!8

x3 � 64x
x � 8

D lim
x!8

x.x � 8/.x C 8/

x � 8
D lim
x!8

x.x C 8/ D 8.16/ D 128:

9. lim
x!5

2x2 � 9x � 5

x2 � 25

SOLUTION lim
x!5

2x2 � 9x � 5

x2 � 25
D lim
x!5

.x � 5/.2x C 1/

.x � 5/.x C 5/
D lim
x!5

2x C 1

x C 5
D 11

10
:

10. lim
h!0

.1C h/3 � 1
h

SOLUTION

lim
h!0

.1C h/3 � 1

h
D lim
h!0

1C 3hC 3h2 C h3 � 1

h
D lim
h!0

3hC 3h2 C h3

h

D lim
h!0

.3C 3hC h2/ D 3C 3.0/C 02 D 3:

11. lim
x!� 1

2

2x C 1

2x2 C 3x C 1

SOLUTION lim
x!� 1

2

2x C 1

2x2 C 3x C 1
D lim
x!� 1

2

2x C 1

.2x C 1/.x C 1/
D lim
x!� 1

2

1

x C 1
D 2:

12. lim
x!3

x2 � x

x2 � 9

SOLUTION As x ! 3, the numeratorx2 � x ! 6 while the denominatorx2 � 9 ! 0; thus, this limit does not exist. Checking
the one-sided limits, we find

lim
x!3�

x2 � x

x2 � 9
D lim
x!3�

x.x � 1/

.x � 3/.x C 3/
D �1

while

lim
x!3C

x2 � x

x2 � 9
D lim
x!3C

x.x � 1/
.x � 3/.x C 3/

D 1:
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13. lim
x!2

3x2 � 4x � 4
2x2 � 8

SOLUTION lim
x!2

3x2 � 4x � 4
2x2 � 8

D lim
x!2

.3x C 2/.x � 2/

2.x � 2/.x C 2/
D lim
x!2

3x C 2

2.x C 2/
D 8

8
D 1.

14. lim
h!0

.3C h/3 � 27
h

SOLUTION

lim
h!0

.3C h/3 � 27

h
D lim
h!0

27C 27hC 9h2 C h3 � 27

h
D lim
h!0

27hC 9h2 C h3

h

D lim
h!0

.27C 9hC h2/ D 27C 9.0/C 02 D 27:

15. lim
t!0

42t � 1
4t � 1

SOLUTION lim
t to0

42t � 1

4t � 1 D lim
t to0

.4t � 1/.4t C 1/

4t � 1
D lim
t!0

.4t C 1/ D 2:

16. lim
h!4

.hC 2/2 � 9h
h � 4

SOLUTION lim
h!4

.hC 2/2 � 9h
h � 4 D lim

h!4

h2 � 5hC 4

h � 4 D lim
h!4

.h � 1/.h � 4/
h � 4 D lim

h!4
.h � 1/ D 3:

17. lim
x!16

p
x � 4

x � 16

SOLUTION lim
x!16

p
x � 4

x � 16
D lim
x!16

p
x � 4�p

x C 4
� �p

x � 4
� D lim

x!16

1p
x C 4

D 1

8
:

18. lim
t!�2

2t C 4

12 � 3t2

SOLUTION lim
t!�2

2t C 4

12 � 3t2
D lim
t!�2

2.t C 2/

�3.t � 2/.t C 2/
D lim
t!�2

2

�3.t � 2/ D 1

6
.

19. lim
y!3

y2 C y � 12

y3 � 10y C 3

SOLUTION lim
y!3

y2 C y � 12

y3 � 10y C 3
D lim
y!3

.y � 3/.y C 4/

.y � 3/.y2 C 3y � 1/
D lim
y!3

.y C 4/

.y2 C 3y � 1/
D 7

17
:

20. lim
h!0

1

.hC 2/2
� 1

4

h

SOLUTION

lim
h!0

1
.hC2/2 � 1

4

h
D lim
h!0

4�.hC2/2
4.hC2/2

h
D lim
h!0

4�.h2C4hC4/
4.hC2/2

h
D lim
h!0

�h2�4h
4.hC2/2

h

D lim
h!0

h �h�4
4.hC2/2

h
D lim
h!0

�h � 4
4.hC 2/2

D �4
16

D �1
4
:

21. lim
h!0

p
2C h � 2

h

SOLUTION lim
h!0

p
hC 2 � 2
h

does not exist.

� As h ! 0C, we have

p
hC 2 � 2
h

D
�p
hC 2 � 2

�
.
p
hC 2C 2/

h.
p
hC 2C 2/

D h � 2
h.

p
hC 2C 2/

! �1.

� As h ! 0�, we have

p
hC 2 � 2

h
D
�p
hC 2 � 2

�
.
p
hC 2C 2/

h.
p
hC 2C 2/

D h � 2

h.
p
hC 2C 2/

! 1.

22. lim
x!8

p
x � 4 � 2
x � 8
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SOLUTION

lim
x!8

p
x � 4 � 2

x � 8
D lim
x!8

.
p
x � 4 � 2/.

p
x � 4C 2/

.x � 8/.
p
x � 4C 2/

D lim
x!8

x � 4 � 4

.x � 8/.
p
x � 4C 2/

D lim
x!8

1p
x � 4C 2

D 1p
4C 2

D 1

4
:

23. lim
x!4

x � 4
p
x �

p
8 � x

SOLUTION

lim
x!4

x � 4
p
x �

p
8 � x

D lim
x!4

.x � 4/.
p
x C

p
8 � x/

.
p
x �

p
8 � x/.

p
x C

p
8 � x/

D lim
x!4

.x � 4/.
p
x C

p
8 � x/

x � .8� x/

D lim
x!4

.x � 4/.
p
x C

p
8 � x/

2x � 8
D lim
x!4

.x � 4/.
p
x C

p
8 � x/

2.x � 4/

D lim
x!4

.
p
x C

p
8 � x/

2
D

p
4C

p
4

2
D 2:

24. lim
x!4

p
5 � x � 1
2 �

p
x

SOLUTION

lim
x!4

p
5 � x � 1

2 �
p
x

D lim
x!4

 p
5 � x � 1
2 �

p
x

�
p
5 � x C 1p
5 � x C 1

!
D lim
x!4

4 � x

.2 �
p
x/.

p
5 � x C 1/

D lim
x!4

.2 �
p
x/.2C

p
x/

.2 �
p
x/.

p
5 � x C 1/

D lim
x!4

2C
p
xp

5 � x C 1
D 2:

25. lim
x!4

�
1p
x � 2

� 4

x � 4

�

SOLUTION lim
x!4

�
1p
x � 2

� 4

x � 4

�
D lim
x!4

p
x C 2 � 4�p

x � 2
� �p

x C 2
� D lim

x!4

p
x � 2�p

x � 2
� �p

x C 2
� D 1

4
:

26. lim
x!0C

�
1p
x

� 1p
x2 C x

�

SOLUTION

lim
x!0C

�
1p
x

� 1p
x2 C x

�
D lim
x!0C

p
x C 1 � 1

p
x

p
x C 1

D lim
x!0C

�p
x C 1 � 1

� �p
x C 1C 1

�
p
x

p
x C 1

�p
x C 1C 1

�

D lim
x!0C

x
p
x

p
x C 1

�p
x C 1C 1

� D lim
x!0C

p
xp

x C 1
�p
x C 1C 1

� D 0:

27. lim
x!0

cotx

cscx

SOLUTION lim
x!0

cotx

cscx
D lim
x!0

cosx

sinx
� sin x D cos0 D 1.

28. lim
�! �

2

cot�

csc�

SOLUTION lim
�! �

2

cot�

csc�
D lim
�! �

2

cos�

sin�
� sin � D cos

�

2
D 0.

29. lim
t!2

22t C 2t � 20

2t � 4

SOLUTION lim
t!2

22t C 2t � 20

2t � 4 D lim
t!2

.2t C 5/.2t � 4/
2t � 4 D lim

t!2
.2t C 5/ D 9:

30. lim
x!1

�
1

1 � x
� 2

1 � x2

�
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SOLUTION lim
x!1

�
1

1� x
� 2

1 � x2

�
D lim
x!1

.1C x/� 2

.1 � x/.1C x/
D lim
x!1

�1
1C x

D �1
2
:

31. lim
x! �

4

sinx � cosx

tanx � 1

SOLUTION lim
x! �

4

sin x � cosx

tanx � 1
� cosx

cosx
D lim
x! �

4

.sin x � cosx/ cosx

sinx � cosx
D cos

�

4
D

p
2

2
.

32. lim
�! �

2

�
sec� � tan�

�

SOLUTION

lim
�! �

2

�
sec� � tan�

�
D lim
�! �

2

1 � sin �

cos�
� 1C sin �

1C sin �
D lim
�! �

2

1 � sin2 �

cos� .1C sin�/
D lim
�! �

2

cos�

1C sin �
D 0

2
D 0:

33. lim
�! �

4

�
1

tan� � 1
� 2

tan2 � � 1

�

SOLUTION lim
�! �

4

�
1

tan� � 1
� 2

tan2 � � 1

�
D lim
�! �

4

.tan� C 1/ � 2

.tan� C 1/.tan� � 1/ D lim
�! �

4

1

tan� C 1
D 1

2
:

34. lim
x! �

3

2 cos2 x C 3 cosx � 2

2 cosx � 1

SOLUTION

lim
x! �

3

2 cos2 x C 3 cosx � 2
2 cosx � 1 D lim

x! �
3

.2 cosx � 1/ .cosx C 2/

2 cosx � 1
D lim
x! �

3

cosx C 2 D cos
�

3
C 2 D 5

2
:

35. Use a plot off .x/ D x � 4
p
x �

p
8 � x

to estimate lim
x!4

f .x/ to two decimal places. Compare with the answer obtained

algebraically in Exercise 23.

SOLUTION Let f .x/ D x�4p
x�

p
8�x . From the plot off .x/ shown below, we estimate lim

x!4
f .x/ � 2:00; to two decimal places,

this matches the value of2 obtained in Exercise 23.

1.996

1.997

1.998

1.999

2.000

2.001

1.995
3.6

y

x
3.8 4.0 4.2 4.4

36. Use a plot off .x/ D 1p
x � 2

� 4

x � 4
to estimate lim

x!4
f .x/ numerically. Compare with the answer obtained alge-

braically in Exercise 25.

SOLUTION Let f .x/ D 1p
x�2 � 4

x�4 . From the plot off .x/ shown below, we estimate lim
x!4

f .x/ � 0:25; to two decimal

places, this matches the value of14 obtained in Exercise 25.

3.6 3.8 4 4.2 4.4

0.256
0.254
0.252
0.25

0.248
0.246
0.244
0.242 x

y

In Exercises 37–42, evaluate using the identity

a3 � b3 D .a � b/.a2 C ab C b2/
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37. lim
x!2

x3 � 8

x � 2

SOLUTION lim
x!2

x3 � 8
x � 2

D lim
x!2

.x � 2/
�
x2 C 2x C 4

�

x � 2 D lim
x!2

�
x2 C 2x C 4

�
D 12.

38. lim
x!3

x3 � 27

x2 � 9

SOLUTION lim
x!3

x3 � 27
x2 � 9

D lim
x!3

.x � 3/
�
x2 C 3x C 9

�

.x � 3/.x C 3/
D lim
x!3

�
x2 C 3x C 9

�

x C 3
D 27

6
D 9

2
.

39. lim
x!1

x2 � 5x C 4

x3 � 1

SOLUTION lim
x!1

x2 � 5x C 4

x3 � 1
D lim
x!1

.x � 1/.x � 4/

.x � 1/
�
x2 C x C 1

� D lim
x!1

x � 4
x2 C x C 1

D �1.

40. lim
x!�2

x3 C 8

x2 C 6x C 8

SOLUTION lim
x!�2

x3 C 8

x2 C 6x C 8
D lim
x!�2

.x C 2/.x2 � 2x C 4/

.x C 2/.x C 4/
D lim
x!�2

.x2 � 2x C 4/

x C 4
D 12

2
D 6:

41. lim
x!1

x4 � 1

x3 � 1

SOLUTION

lim
x!1

x4 � 1

x3 � 1
D lim
x!1

.x2 � 1/.x2 C 1/

.x � 1/.x2 C x C 1/
D lim
x!1

.x � 1/.x C 1/.x2 C 1/

.x � 1/.x2 C x C 1/
D lim
x!1

.x C 1/.x2 C 1/

.x2 C x C 1/
D 4

3
:

42. lim
x!27

x � 27
x1=3 � 3

SOLUTION lim
x!27

x � 27
x1=3 � 3

D lim
x!27

.x1=3 � 3/.x2=3 C 3x1=3 C 9/

x1=3 � 3
D lim
x!27

.x2=3 C 3x1=3 C 9/ D 27

43. Evaluate lim
h!0

4
p
1C h � 1

h
. Hint: Setx D 4

p
1C h and rewrite as a limit asx ! 1.

SOLUTION Let x D 4
p
1C h. Thenh D x4 � 1 D .x � 1/.x C 1/.x2 C 1/, x ! 1 ash ! 0 and

lim
h!0

4
p
1C h � 1

h
D lim
x!1

x � 1

.x � 1/.x C 1/.x2 C 1/
D lim
x!1

1

.x C 1/.x2 C 1/
D 1

4
:

44. Evaluate lim
h!0

3
p
1C h � 1

2
p
1C h � 1

. Hint: Setx D 6
p
1C h and rewrite as a limit asx ! 1.

SOLUTION Let x D 6
p
1C h. Then 3

p
1C h � 1 D x2 � 1 D .x � 1/.x C 1/,

p
1C h � 1 D x3 � 1 D .x � 1/.x2 C x C 1/,

x ! 1 ash ! 0 and

lim
h!0

3
p
1C h � 1

2
p
1C h � 1

D lim
x!1

.x � 1/.x C 1/

.x � 1/.x2 C x C 1/
D lim
x!1

x C 1

x2 C x C 1
D 2

3
:

In Exercises 45–54, evaluate in terms of the constanta.

45. lim
x!0

.2aC x/

SOLUTION lim
x!0

.2aC x/ D 2a.

46. lim
h!�2

.4ahC 7a/

SOLUTION lim
h!�2

.4ahC 7a/ D �a.

47. lim
t!�1

.4t � 2at C 3a/

SOLUTION lim
t!�1

.4t � 2at C 3a/ D �4C 5a.

48. lim
h!0

.3aC h/2 � 9a2

h
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SOLUTION lim
h!0

.3aC h/2 � 9a2

h
D lim
h!0

6ahC h2

h
D lim
h!0

.6aC h/ D 6a.

49. lim
h!0

2.a C h/2 � 2a2
h

SOLUTION lim
h!0

2.a C h/2 � 2a2

h
D lim
h!0

4ha C 2h2

h
D lim
h!0

.4aC 2h/ D 4a.

50. lim
x!a

.x C a/2 � 4x2

x � a

SOLUTION

lim
x!a

.x C a/2 � 4x2
x � a

D lim
x!a

.x2 C 2ax C a2/� 4x2

x � a
D lim
x!a

�3x2 C 2ax C a2

x � a

D lim
x!a

.a � x/.aC 3x/

x � a
D lim
x!a

.�.aC 3x// D �4a:

51. lim
x!a

p
x �

p
a

x � a

SOLUTION lim
x!a

p
x �

p
a

x � a
D lim
x!a

p
x �

p
a�p

x �
p
a
� �p

x C
p
a
� D lim

x!a

1p
x C

p
a

D 1

2
p
a

.

52. lim
h!0

p
a C 2h �

p
a

h

SOLUTION

lim
h!0

p
aC 2h �

p
a

h
D lim
h!0

�p
aC 2h �

p
a
� �p

aC 2hC
p
a
�

h
�p
aC 2hC

p
a
�

D lim
h!0

2h

h
�p
aC 2hC

p
a
� D lim

h!0

2p
a C 2hC

p
a

D 1p
a
:

53. lim
x!0

.x C a/3 � a3

x

SOLUTION lim
x!0

.x C a/3 � a3

x
D lim
x!0

x3 C 3x2aC 3xa2 C a3 � a3
x

D lim
x!0

.x2 C 3xaC 3a2/ D 3a2:

54. lim
h!a

1

h
� 1

a
h � a

SOLUTION lim
h!a

1
h

� 1
a

h � a
D lim
h!a

a�h
ah

h � a
D lim
h!a

a � h

ah

1

h � a
D lim
h!a

�1
ah

D � 1

a2

Further Insights and Challenges

In Exercises 55–58, find all values ofc such that the limit exists.

55. lim
x!c

x2 � 5x � 6

x � c

SOLUTION lim
x!c

x2 � 5x � 6

x � c will exist provided thatx � c is a factor of the numerator. (Otherwise there will be an infinite

discontinuity atx D c.) Sincex2 � 5x � 6 D .x C 1/.x � 6/, this occurs forc D �1 andc D 6.

56. lim
x!1

x2 C 3x C c

x � 1

SOLUTION lim
x!1

x2 C 3x C c

x � 1
exists as long as.x � 1/ is a factor ofx2 C 3x C c. If x2 C 3x C c D .x � 1/.x C q/, then

q � 1 D 3 and�q D c. Henceq D 4 andc D �4.

57. lim
x!1

�
1

x � 1 � c

x3 � 1

�

SOLUTION Simplifying, we find

1

x � 1
� c

x3 � 1
D x2 C x C 1 � c

.x � 1/.x2 C x C 1/
:

In order for the limit to exist asx ! 1, the numerator must evaluate to 0 atx D 1. Thus, we must have3 � c D 0, which implies
c D 3.
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58. lim
x!0

1C cx2 �
p
1C x2

x4

SOLUTION Rationalizing the numerator, we find

1C cx2 �
p
1C x2

x4
D .1C cx2 �

p
1C x2/.1C cx2 C

p
1C x2/

x4.1C cx2 C
p
1C x2/

D .1C cx2/2 � .1C x2/

x4.1C cx2 C
p
1C x2/

D .2c � 1/x2 C c2x4

x4.1C cx2 C
p
1C x2/

:

In order for the limit to exist asx ! 0, the coefficient ofx2 in the numerator must be zero. Thus, we need2c � 1 D 0, which
impliesc D 1

2 .

59. For which sigṅ does the following limit exist?

lim
x!0

�
1

x
˙ 1

x.x � 1/

�

SOLUTION

� The limit lim
x!0

�
1

x
C 1

x.x � 1/

�
D lim
x!0

.x � 1/C 1

x.x � 1/ D lim
x!0

1

x � 1
D �1.

� The limit lim
x!0

�
1

x
� 1

x.x � 1/

�
does not exist.

– As x ! 0C, we have
1

x
� 1

x.x � 1/ D .x � 1/ � 1

x.x � 1/
D x � 2

x.x � 1/
! 1.

– As x ! 0�, we have
1

x
� 1

x.x � 1/
D .x � 1/ � 1

x.x � 1/ D x � 2

x.x � 1/
! �1.

2.6 Trigonometric Limits

Preliminary Questions
1. Assume that�x4 � f .x/ � x2. What is lim

x!0
f .x/? Is there enough information to evaluate lim

x! 1
2

f .x/? Explain.

SOLUTION Since limx!0�x4 D limx!0 x
2 D 0, the squeeze theorem guarantees that limx!0 f .x/ D 0. Since lim

x! 1
2

�x4 D
� 1
16 ¤ 1

4 D lim
x! 1

2
x2, we do not have enough information to determine lim

x! 1
2
f .x/.

2. State the Squeeze Theorem carefully.

SOLUTION Assume that forx ¤ c (in some open interval containingc),

l.x/ � f .x/ � u.x/

and that lim
x!c

l.x/ D lim
x!c

u.x/ D L. Then lim
x!c

f .x/ exists and

lim
x!c

f .x/ D L:

3. If you want to evaluate lim
h!0

sin5h

3h
, it is a good idea to rewrite the limit in terms of the variable (choose one):

(a) � D 5h (b) � D 3h (c) � D 5h

3

SOLUTION To match the given limit to the pattern of

lim
�!0

sin�

�
;

it is best to substitute for the argument of the sine function; thus, rewrite the limit in terms of(a): � D 5h.
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Exercises
1. State precisely the hypothesis and conclusions of the Squeeze Theorem for the situation in Figure 1.

1 2

2

u(x)

l(x)

f (x)

x

y

FIGURE 1

SOLUTION For allx ¤ 1 on the open interval.0; 2/ containingx D 1, `.x/ � f .x/ � u.x/. Moreover,

lim
x!1

`.x/ D lim
x!1

u.x/ D 2:

Therefore, by the Squeeze Theorem,

lim
x!1

f .x/ D 2:

2. In Figure 2, isf .x/ squeezed byu.x/ andl.x/ atx D 3? At x D 2?

1 2 3 4

1.5

x

l (x)

f(x)

u(x)
y

FIGURE 2

SOLUTION Because there is an open interval containingx D 3 on whichl.x/ � f .x/ � u.x/ and lim
x!3

l.x/ D lim
x!3

u.x/, f .x/

is squeezedby u.x/ andl.x/ at x D 3. Because there is an open interval containingx D 2 on whichl.x/ � f .x/ � u.x/ but
lim
x!2

l.x/ ¤ lim
x!2

u.x/, f .x/ is trappedby u.x/ andl.x/ atx D 2 but notsqueezed.

3. What does the Squeeze Theorem say about lim
x!7

f .x/ if lim
x!7

l.x/ D lim
x!7

u.x/ D 6 andf .x/, u.x/, andl.x/ are related as in

Figure 3? The inequalityf .x/ � u.x/ is not satisfied for allx. Does this affect the validity of your conclusion?

7

6

x

u(x)

f(x)

l (x)

y

FIGURE 3

SOLUTION The Squeeze Theorem does not require that the inequalitiesl.x/ � f .x/ � u.x/ hold for all x, only that the
inequalities hold on some open interval containingx D c. In Figure 3, it is clear thatl.x/ � f .x/ � u.x/ on some open interval
containingx D 7. Because lim

x!7
u.x/ D lim

x!7
l.x/ D 6, the Squeeze Theorem guarantees that lim

x!7
f .x/ D 6.

4. Determine lim
x!0

f .x/ assuming that cosx � f .x/ � 1.

SOLUTION Because lim
x!0

cosx D lim
x!0

1 D 1, it follows that lim
x!0

f .x/ D 1 by the Squeeze Theorem.

5. State whether the inequality provides sufficient information to determine lim
x!1

f .x/; and if so, find the limit.

(a) 4x � 5 � f .x/ � x2

(b) 2x � 1 � f .x/ � x2

(c) 4x � x2 � f .x/ � x2 C 2
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SOLUTION

(a) Because lim
x!1

.4x � 5/ D �1 ¤ 1 D lim
x!1

x2, the given inequality doesnot provide sufficient information to determine

limx!1 f .x/.

(b) Because lim
x!1

.2x � 1/ D 1 D lim
x!1

x2, it follows from the Squeeze Theorem that limx!1 f .x/ D 1.

(c) Because lim
x!1

.4x � x2/ D 3 D lim
x!1

.x2 C 2/, it follows from the Squeeze Theorem that limx!1 f .x/ D 3.

6. Plot the graphs ofu.x/ D 1C
ˇ̌
x � �

2

ˇ̌
and l.x/ D sinx on the same set of axes. What can you say about lim

x! �
2

f .x/

if f .x/ is squeezed byl.x/ andu.x/ atx D �
2 ?

SOLUTION

1

x

u(x) = 1 + |x −    /2|

   /2

l (x) = sin x

y

lim
x!�=2

u.x/ D 1 and lim
x!�=2

l.x/ D 1, so any functionf .x/ satisfyingl.x/ � f .x/ � u.x/ for all x near�=2 will satisfy

lim
x!�=2

f .x/ D 1.

In Exercises 7–16, evaluate using the Squeeze Theorem.

7. lim
x!0

x2 cos
1

x

SOLUTION Multiplying the inequality�1 � cos1x � 1, which holds for allx ¤ 0, byx2 yields�x2 � x2 cos1x � x2. Because

lim
x!0

�x2 D lim
x!0

x2 D 0;

it follows by the Squeeze Theorem that

lim
x!0

x2 cos
1

x
D 0:

8. lim
x!0

x sin
1

x2

SOLUTION Multiplying the inequality
ˇ̌
ˇsin 1

x2

ˇ̌
ˇ � 1, which holds forx ¤ 0, by jxj yields

ˇ̌
ˇx sin 1

x2

ˇ̌
ˇ � jxj or �jxj � x sin 1

x2 �
jxj. Because

lim
x!0

�jxj D lim
x!0

jxj D 0;

it follows by the Squeeze Theorem that

lim
x!0

x sin
1

x2
D 0:

9. lim
x!1

.x � 1/ sin
�

x � 1

SOLUTION Multiplying the inequality
ˇ̌
sin �

x�1
ˇ̌

� 1, which holds forx ¤ 1, by jx � 1j yields
ˇ̌
.x � 1/ sin �

x�1
ˇ̌

� jx � 1j or
�jx � 1j � .x � 1/ sin �

x�1 � jx � 1j. Because

lim
x!1

�jx � 1j D lim
x!1

jx � 1j D 0;

it follows by the Squeeze Theorem that

lim
x!1

.x � 1/ sin
�

x � 1
D 0:

10. lim
x!3

.x2 � 9/
x � 3

jx � 3j
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SOLUTION Forx ¤ 3, x�3
jx�3j D ˙1; thus

�jx2 � 9j � .x2 � 9/
x � 3

jx � 3j � jx2 � 9j:

Because

lim
x!3

�jx2 � 9j D lim
x!3

jx2 � 9j D 0;

it follows by the Squeeze Theorem that

lim
x!3

.x2 � 9/
x � 3

jx � 3j D 0:

11. lim
t!0

.2t � 1/ cos
1

t

SOLUTION Multiplying the inequality
ˇ̌
ˇcos1t

ˇ̌
ˇ � 1, which holds fort ¤ 0, by j2t � 1j yields

ˇ̌
ˇ.2t � 1/ cos1t

ˇ̌
ˇ � j2t � 1j or

�j2t � 1j � .2t � 1/ cos1t � j2t � 1j. Because

lim
t!0

�j2t � 1j D lim
t!0

j2t � 1j D 0;

it follows by the Squeeze Theorem that

lim
t!0

.2t � 1/ cos
1

t
D 0:

12. lim
x!0C

p
x ecos.�=x/

SOLUTION Since�1 � cos�x � 1 and ex is an increasing function, it follows that

1

e
� ecos.�=x/ � e and

1

e

p
x �

p
xecos.�=x/ � e

p
x:

Because

lim
x!0C

1

e

p
x D lim

x!0C
e
p
x D 0;

it follows from the Squeeze Theorem that

lim
x!0C

p
xecos.�=x/ D 0:

13. lim
t!2

.t2 � 4/ cos
1

t � 2

SOLUTION Multiplying the inequality
ˇ̌
ˇcos 1

t�2

ˇ̌
ˇ � 1, which holds fort ¤ 2, by jt2 � 4j yields

ˇ̌
ˇ.t2 � 4/ cos 1

t�2

ˇ̌
ˇ � jt2 � 4j or

�jt2 � 4j � .t2 � 4/ cos 1
t�2 � jt2 � 4j. Because

lim
t!2

�jt2 � 4j D lim
t!2

jt2 � 4j D 0;

it follows by the Squeeze Theorem that

lim
t!2

.t2 � 4/ cos
1

t � 2 D 0:

14. lim
x!0

tanx cos

�
sin

1

x

�

SOLUTION Multiplying the inequality
ˇ̌
ˇcos

�
sin 1x

�ˇ̌
ˇ � 1, which holds forx ¤ 0, by j tanxj yields

ˇ̌
ˇtanx cos

�
sin 1x

�ˇ̌
ˇ � j tanxj

or �j tanxj � tanx cos
�
sin 1x

�
� j tanxj. Because

lim
x!0

�j tanxj D lim
x!0

j tanxj D 0;

it follows by the Squeeze Theorem that

lim
x!0

tanx cos
�

sin
1

x

�
D 0:
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15. lim
�! �

2

cos� cos.tan�/

SOLUTION Multiplying the inequalityj cos.tan�/j � 1, which holds for all� near �2 but not equal to�2 , by j cos� j yields
j cos� cos.tan�/j � j cos� j or �j cos� j � cos� cos.tan�/ � j cos� j. Because

lim
�! �

2

�j cos� j D lim
�! �

2

j cos� j D 0;

it follows from the Squeeze Theorem that

lim
�! �

2

cos� cos.tan�/ D 0:

16. lim
t!0C

sint tan�1.ln t/

SOLUTION Multiplying the inequalityj tan�1.ln t/j � �
2 , which holds for allt > 0, by j sint j yields j sint tan�1.ln t/j �

�
2 j sin t j or ��

2 j sin t j � sint tan�1.ln t/ � �
2 j sin t j. Because

lim
t!0C

�j sint j D lim
t!0C

j sint j D 0;

it follows from the Squeeze Theorem that

lim
t!0C

sint tan�1.ln t/ D 0:

In Exercises 17–26, evaluate using Theorem 2 as necessary.

17. lim
x!0

tanx

x

SOLUTION lim
x!0

tanx

x
D lim
x!0

sinx

x

1

cosx
D lim
x!0

sinx

x
� lim
x!0

1

cosx
D 1 � 1 D 1.

18. lim
x!0

sinx secx

x

SOLUTION lim
x!0

sinx secx

x
D lim
x!0

sinx

x
� lim
x!0

secx D 1 � 1 D 1.

19. lim
t!0

p
t3 C 9 sin t

t

SOLUTION lim
t!0

p
t3 C 9 sin t

t
D lim
t!0

p
t3 C 9 � lim

t!0

sint

t
D

p
9 � 1 D 3.

20. lim
t!0

sin2 t

t

SOLUTION lim
t!0

sin2 t

t
D lim
t!0

sint

t
sin t D lim

t!0

sint

t
� lim
t!0

sint D 1 � 0 D 0.

21. lim
x!0

x2

sin2 x

SOLUTION lim
x!0

x2

sin2 x
D lim
x!0

1
sinx
x

sinx
x

D lim
x!0

1
sinx
x

� lim
x!0

1
sinx
x

D 1

1
� 1
1

D 1.

22. lim
t! �

2

1 � cost

t

SOLUTION The function
1 � cost

t
is continuous at�2 ; evaluate using substitution:

lim
t! �

2

1 � cost

t
D 1 � 0

�
2

D 2

�
:

23. lim
�!0

sec� � 1
�

SOLUTION lim
�!0

sec� � 1
�

D lim
�!0

1 � cos�

� cos�
D lim
�!0

1 � cos�

�
� lim
�!0

1

cos�
D 0 � 1 D 0.
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24. lim
�!0

1 � cos�

sin�

SOLUTION

lim
�!0

1 � cos�

sin�
D lim
�!0

1 � cos�

�
� lim
�!0

�

sin�
D 0 � 1 D 0:

25. lim
t! �

4

sin t

t

SOLUTION
sint

t
is continuous att D �

4
. Hence, by substitution

lim
t! �

4

sin t

t
D

p
2
2
�
4

D 2
p
2

�
:

26. lim
t!0

cost � cos2 t

t

SOLUTION By factoring and applying the Product Law:

lim
t!0

cost � cos2 t

t
D lim
t!0

cost � lim
t!0

1 � cost

t
D 1.0/ D 0:

27. LetL D lim
x!0

sin14x

x
.

(a) Show, by letting� D 14x, thatL D lim
�!0

14
sin�

�
.

(b) ComputeL.

SOLUTION

(a) Let � D 14x. Thenx D �
14 and � ! 0 asx ! 0, so

L D lim
x!0

sin14x

x
D lim
�!0

sin�

.�=14/
D lim
�!0

14
sin�

�
:

(b) Based on part (a),

L D 14 lim
�!0

� sin�

�
D 14:

28. Evaluate lim
h!0

sin9h

sin7h
. Hint:

sin9h

sin7h
D
�
9

7

��
sin9h

9h

��
7h

sin7h

�
.

SOLUTION

lim
h!0

sin9h

sin7h
D lim
h!0

9

7

.sin 9h/ = .9h/

.sin 7h/ = .7h/
D 9

7

limh!0.sin9h/=.9h/

limh!0.sin 7h/=.7h/
D 9

7
� 1
1

D 9

7
:

In Exercises 29–48, evaluate the limit.

29. lim
h!0

sin9h

h

SOLUTION lim
h!0

sin9h

h
D lim
h!0

9
sin9h

9h
D 9.

30. lim
h!0

sin4h

4h

SOLUTION Let x D 4h. Thenx ! 0 ash ! 0 and

lim
h!0

sin4h

4h
D limx ! 0

sinx

x
D 1:

31. lim
h!0

sinh

5h

SOLUTION lim
h!0

sinh

5h
D lim
h!0

1

5

sinh

h
D 1

5
.
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32. lim
x! �

6

x

sin3x

SOLUTION lim
x! �

6

x

sin3x
D �=6

sin.�=2/
D �

6
.

33. lim
�!0

sin7�

sin3�

SOLUTION We have

sin7�

sin3�
D 7

3

�
sin 7�

7�

��
3�

sin3�

�

Therefore,

lim
�!0

sin7�

3�
D 7

3

�
lim
�!0

sin7�

7�

��
lim
�!0

3�

sin3�

�
D 7

3
.1/.1/ D 7

3

34. lim
x!0

tan4x

9x

SOLUTION lim
x!0

tan4x

9x
D lim
x!0

1

9
� sin 4x

4x
� 4

cos4x
D 4

9
.

35. lim
x!0

x csc25x

SOLUTION Let h D 25x. Then

lim
x!0

x csc25x D lim
h!0

h

25
csch D 1

25
lim
h!0

h

sinh
D 1

25
:

36. lim
t!0

tan4t

t sect

SOLUTION lim
t!0

tan4t

t sect
D lim
t!0

4 sin4t

4t cos.4t/ sec.t/
D lim
t!0

4 cost

cos4t
� sin4t

4t
D 4.

37. lim
h!0

sin2h sin3h

h2

SOLUTION

lim
h!0

sin2h sin3h

h2
D lim
h!0

sin2h sin3h

h � h D lim
h!0

sin2h

h

sin 3h

h

D lim
h!0

2
sin2h

2h
3

sin 3h

3h
D lim
h!0

2
sin2h

2h
lim
h!0

3
sin3h

3h
D 2 � 3 D 6:

38. lim
z!0

sin.z=3/

sinz

SOLUTION lim
z!0

sin.z=3/

sinz
� z=3
z=3

D lim
z!0

1

3
� z

sinz
� sin.z=3/

z=3
D 1

3
.

39. lim
�!0

sin.�3�/
sin.4�/

SOLUTION lim
�!0

sin.�3�/
sin.4�/

D lim
�!0

� sin.3�/

3�
� 3
4

� 4�

sin.4�/
D �3

4
.

40. lim
x!0

tan4x

tan9x

SOLUTION lim
x!0

tan4x

tan9x
D lim
x!0

cos9x

cos4x
� sin4x

4x
� 4
9

� 9x

sin9x
D 4

9
.

41. lim
t!0

csc8t

csc4t

SOLUTION lim
t!0

csc8t

csc4t
D lim
t!0

sin4t

sin8t
� 8t
4t

� 1
2

D 1

2
.

42. lim
x!0

sin5x sin2x

sin3x sin5x

SOLUTION lim
x!0

sin5x sin2x

sin3x sin5x
D lim
x!0

sin2x

2x
� 2
3

� 3x

sin3x
D 2

3
.
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43. lim
x!0

sin3x sin2x

x sin 5x

SOLUTION lim
x!0

sin3x sin2x

x sin 5x
D lim
x!0

�
3

sin3x

3x
� 2
5

.sin 2x/ = .2x/

.sin 5x/ = .5x/

�
D 6

5
.

44. lim
h!0

1 � cos2h

h

SOLUTION lim
h!0

1 � cos2h

h
D lim
h!0

2
1 � cos2h

2h
D 2 lim

h!0

1 � cos2h

2h
D 2 � 0 D 0:

45. lim
h!0

sin.2h/.1 � cosh/

h2

SOLUTION lim
h!0

sin.2h/.1 � cosh/

h2
D lim
h!0

sin.2h/

h
lim
h!0

1 � cosh

h
D 1 � 0 D 0:

46. lim
t!0

1 � cos2t

sin2 3t

SOLUTION Using the identity cos2t D 1 � 2 sin2 t , we find

1 � cos2t

sin2 3t
D 2 sin2 t

sin2 3t
D 2

9

�
sin t

t

�2 � 3t

sin3t

�2
:

Thus,

lim
t!0

1 � cos2t

sin2 3t
D lim
t!0

2

9

�
sin t

t

�2 � 3t

sin3t

�2
D 2

9
:

47. lim
�!0

cos2� � cos�

�

SOLUTION

lim
�!0

cos2� � cos�

�
D lim
�!0

.cos2� � 1/C .1 � cos�/

�
D lim
�!0

cos2� � 1

�
C lim
�!0

1 � cos�

�

D �2 lim
�!0

1 � cos2�

2�
C lim
�!0

1 � cos�

�
D �2 � 0C 0 D 0:

48. lim
h! �

2

1 � cos3h

h

SOLUTION The function is continuous at�2 , so we may use substitution:

lim
h! �

2

1 � cos3h

h
D
1 � cos3�2

�
2

D 1 � 0
�
2

D 2

�
:

49. Calculate lim
x!0�

sinx

jxj .

SOLUTION

lim
x!0�

sinx

jxj
D lim
x!0�

sinx

�x D �1

50. Use the identity sin3� D 3 sin� � 4 sin3 � to evaluate the limit lim
�!0

sin3� � 3 sin�

�3
.

SOLUTION Using the identity sin3� D 3 sin� � 4 sin3 � , we find

sin3� � 3 sin�

�3
D �4

�
sin�

�

�3
:

Therefore,

lim
�!0

sin3� � 3 sin�

�3
D �4 lim

�!0

�
sin�

�

�3
D �4.1/3 D �4:

51. Prove the following result stated in Theorem 2:

lim
�!0

1 � cos�

�
D 0 7

Hint:
1 � cos�

�
D 1

1C cos�
� 1 � cos2 �

�
.
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SOLUTION

lim
�!0

1 � cos�

�
D lim
�!0

1

1C cos�
� 1 � cos2 �

�
D lim
�!0

1

1C cos�
� sin2 �

�

D lim
�!0

1

1C cos�
� lim
�!0

sin2 �

�
D lim
�!0

1

1C cos�
� lim
�!0

sin�
sin�

�

D lim
�!0

1

1C cos�
� lim
�!0

sin� � lim
�!0

sin�

�
D 1

2
� 0 � 1 D 0:

52. Investigate lim
h!0

1 � cosh

h2
numerically (and graphically if you have a graphing utility). Then prove that the limit is

equal to12 . Hint: See the hint for Exercise 51.

SOLUTION

�

h �0:1 �0:01 0.01 0.1

1 � cosh

h2
0:499583 0:499996 0:499996 0:499583

The limit is 12 .

�

21−2 −1

0.1

0.2

0.3

0.4

0.5

x

y

� lim
h!0

1 � cosh

h2
D lim
h!0

1 � cos2 h

h2.1C cosh/
D lim
h!0

�
sinh

h

�2 1

1C cosh
D 1

2
:

In Exercises 53–55, evaluate using the result of Exercise 52.

53. lim
h!0

cos3h � 1

h2

SOLUTION We make the substitution� D 3h. Thenh D �=3, and

lim
h!0

cos3h � 1

h2
D lim
�!0

cos� � 1

.�=3/2
D �9 lim

�!0

1 � cos�

�2
D �9

2
:

54. lim
h!0

cos3h � 1

cos2h � 1

SOLUTION Write

cos3h � 1

cos2h � 1
D 1 � cos3h

.3h/2
� .2h/2

1 � cos2h
� 9h

2

4h2
:

Then

lim
h!0

cos3h � 1

cos2h � 1
D 9

4
lim
h!0

1 � cos3h

.3h/2
� lim
h!0

.2h/2

1 � cos2h
D 9

4
� 1
2

� 1

1=2
D 9

4
:

55. lim
t!0

p
1 � cost

t

SOLUTION lim
t!0C

p
1 � cost

t
D

s
lim
t!0C

1 � cost

t2
D

r
1

2
D

p
2

2
; on the other hand, lim

t!0�

p
1 � cost

t
D

�

s
lim
t!0�

1 � cost

t2
D �

r
1

2
D �

p
2

2
.
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56. Use the Squeeze Theorem to prove that if lim
x!c

jf .x/j D 0, then lim
x!c

f .x/ D 0.

SOLUTION Suppose lim
x!c

jf .x/j D 0. Then

lim
x!c

�jf .x/j D � lim
x!c

jf .x/j D 0:

Now, for allx, the inequalities

�jf .x/j � f .x/ � jf .x/j

hold. Because lim
x!c

jf .x/j D 0 and lim
x!c

�jf .x/j D 0, it follows from the Squeeze Theorem that lim
x!c

f .x/ D 0.

Further Insights and Challenges

57. Use the result of Exercise 52 to prove that form ¤ 0,

lim
x!0

cosmx � 1
x2

D �m
2

2

SOLUTION Substituteu D mx into
cosmx � 1

x2
. We obtainx D u

m . As x ! 0, u ! 0; therefore,

lim
x!0

cosmx � 1

x2
D lim
u!0

cosu � 1

.u=m/2
D lim
u!0

m2
cosu � 1
u2

D m2
�

�1
2

�
D �m

2

2
:

58. Using a diagram of the unit circle and the Pythagorean Theorem, show that

sin2 � � .1� cos�/2 C sin2 � � �2

Conclude that sin2 � � 2.1� cos�/ � �2 and use this to give an alternative proof of Eq. (7) in Exercise 51. Then give an alternative
proof of the result in Exercise 52.

SOLUTION

� Consider the unit circle shown below. The triangleBDA is a right triangle. It has base1� cos� , altitude sin� , and hypotenuse
h. Observe that the hypotenuseh is less than the arc lengthAB D radius� angle D 1 � � D � . Apply the Pythagorean
Theorem to obtain.1 � cos�/2 C sin2 � D h2 � �2. The inequality sin2 � � .1 � cos�/2 C sin2 � follows from the fact
that.1 � cos�/2 � 0.

A
D

B

O

� Note that

.1 � cos�/2 C sin2 � D 1 � 2 cos� C cos2 � C sin2 � D 2 � 2 cos� D 2.1 � cos�/:

Therefore,

sin2 � � 2.1 � cos�/ � �2:

� Divide the previous inequality by2� to obtain

sin2 �

2�
� 1 � cos�

�
� �

2
:

Because

lim
�!0

sin2 �

2�
D 1

2
lim
�!0

sin�

�
� lim
�!0

sin� D 1

2
.1/.0/ D 0;

and lim
h!0

�

2
D 0, it follows by the Squeeze Theorem that

lim
�!0

1 � cos�

�
D 0:
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� Divide the inequality

sin2 � � 2.1 � cos�/ � �2

by 2�2 to obtain

sin2 �

2�2
� 1 � cos�

�2
� 1

2
:

Because

lim
�!0

sin2 �

2�2
D 1

2
lim
�!0

�
sin�

�

�2
D 1

2
.12/ D 1

2
;

and lim
h!0

1

2
D 1

2
, it follows by the Squeeze Theorem that

lim
�!0

1 � cos�

�2
D 1

2
:

59. (a) Investigate lim
x!c

sinx � sinc

x � c
numerically for the five valuesc D 0; �6 ;

�
4 ;

�
3 ;

�
2 .

(b) Can you guess the answer for generalc?
(c) Check that your answer to (b) works for two other values ofc.

SOLUTION

(a)
x c � 0:01 c � 0:001 c C 0:001 c C 0:01

sinx � sin c

x � c 0.999983 0.99999983 0.99999983 0.999983

Herec D 0 and cosc D 1.

x c � 0:01 c � 0:001 c C 0:001 c C 0:01

sinx � sin c

x � c
0.868511 0.866275 0.865775 0.863511

Herec D �
6 and cosc D

p
3
2 � 0:866025.

x c � 0:01 c � 0:001 c C 0:001 c C 0:01

sinx � sin c

x � c
0.504322 0.500433 0.499567 0.495662

Herec D �
3 and cosc D 1

2 .

x c � 0:01 c � 0:001 c C 0:001 c C 0:01

sinx � sin c

x � c
0.710631 0.707460 0.706753 0.703559

Herec D �
4 and cosc D

p
2
2 � 0:707107.

x c � 0:01 c � 0:001 c C 0:001 c C 0:01

sinx � sin c

x � c 0.005000 0.000500 �0:000500 �0:005000

Herec D �
2 and cosc D 0.

(b) lim
x!c

sinx � sinc

x � c
D cosc.

(c)

x c � 0:01 c � 0:001 c C 0:001 c C 0:01

sinx � sin c

x � c
�0:411593 �0:415692 �0:416601 �0:420686

Herec D 2 and cosc D cos2 � �0:416147.
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x c � 0:01 c � 0:001 c C 0:001 c C 0:01

sinx � sin c

x � c
0.863511 0.865775 0.866275 0.868511

Herec D ��
6 and cosc D

p
3
2 � 0:866025.

2.7 Limits at Infinity

Preliminary Questions
1. Assume that

lim
x!1

f .x/ D L and lim
x!L

g.x/ D 1

Which of the following statements are correct?
(a) x D L is a vertical asymptote ofg.x/.
(b) y D L is a horizontal asymptote ofg.x/.
(c) x D L is a vertical asymptote off .x/.
(d) y D L is a horizontal asymptote off .x/.

SOLUTION

(a) Because lim
x!L

g.x/ D 1, x D L is a vertical asymptote ofg.x/. This statement is correct.

(b) This statement is not correct.
(c) This statement is not correct.
(d) Because lim

x!1
f .x/ D L, y D L is a horizontal asymptote off .x/. This statement is correct.

2. What are the following limits?
(a) lim

x!1
x3 (b) lim

x!�1
x3 (c) lim

x!�1
x4

SOLUTION

(a) limx!1 x3 D 1
(b) limx!�1 x3 D �1
(c) limx!�1 x4 D 1
3. Sketch the graph of a function that approaches a limit asx ! 1 but does not approach a limit (either finite or infinite) as
x ! �1.

SOLUTION

y

x

4. What is the sign ofa if f .x/ D ax3 C x C 1 satisfies
lim

x!�1
f .x/ D 1?

SOLUTION Because lim
x!�1x3 D �1, a must be negative to have lim

x!�1 f .x/ D 1.

5. What is the sign of the leading coefficienta7 if f .x/ is a polynomial of degree7 such that lim
x!�1

f .x/ D 1?

SOLUTION The behavior off .x/ asx ! �1 is controlled by the leading term; that is, limx!�1 f .x/ D limx!�1 a7x
7.

Becausex7 ! �1 asx ! �1, a7 must be negative to have limx!�1 f .x/ D 1.

6. Explain why lim
x!1

sin 1x exists but lim
x!0

sin 1x does not exist. What is lim
x!1

sin 1x ?

SOLUTION As x ! 1, 1x ! 0, so

lim
x!1

sin
1

x
D sin 0 D 0:

On the other hand,1x ! ˙1 asx ! 0, and as1x ! ˙1, sin 1x oscillates infinitely often. Thus

lim
x!0

sin
1

x

does not exist.
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Exercises
1. What are the horizontal asymptotes of the function in Figure 1?

−20 20 40 60 80
x

1

2

y

y = f (x)

FIGURE 1

SOLUTION Because

lim
x!�1

f .x/ D 1 and lim
x!1

f .x/ D 2;

the functionf .x/ has horizontal asymptotes ofy D 1 andy D 2.

2. Sketch the graph of a functionf .x/ that has bothy D �1 andy D 5 as horizontal asymptotes.

SOLUTION

−1
−10 −5 5 10

1

2

3

4

5

y

x

3. Sketch the graph of a functionf .x/ with a single horizontal asymptotey D 3.

SOLUTION

−13

−9

−5

−1
−4 −2 2

3

y

x

4. Sketch the graphs of two functionsf .x/ andg.x/ that have bothy D �2 andy D 4 as horizontal asymptotes but
lim
x!1

f .x/ ¤ lim
x!1

g.x/.

SOLUTION

−1
−2

−10 −5 5 10

1

2

3

4

y

x

y = f (x)

−1
−2

−10 −5 5 10

1

2

3

y

x

y = g(x)

5. Investigate the asymptotic behavior off .x/ D x3

x3 C x
numerically and graphically:

(a) Make a table of values off .x/ for x D ˙50, ˙100, ˙500, ˙1000.
(b) Plot the graph off .x/.

(c) What are the horizontal asymptotes off .x/?

SOLUTION

(a) From the table below, it appears that

lim
x!˙1

x3

x3 C x
D 1:
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x ˙50 ˙100 ˙500 ˙1000
f .x/ 0.999600 0.999900 0.999996 0.999999

(b) From the graph below, it also appears that

lim
x!˙1

x3

x3 C x
D 1:

−5 5

0.2

0.4

0.6

0.8

1.0

y

x

(c) The horizontal asymptote off .x/ is y D 1.

6. Investigate lim
x!˙1

12x C 1p
4x2 C 9

numerically and graphically:

(a) Make a table of values off .x/ D 12x C 1p
4x2 C 9

for x D ˙100, ˙500, ˙1000, ˙10;000.

(b) Plot the graph off .x/.
(c) What are the horizontal asymptotes off .x/?

SOLUTION

(a) From the tables below, it appears that

lim
x!1

12x C 1p
4x2 C 9

D 6 and lim
x!�1

12x C 1p
4x2 C 9

D �6:

x �100 �500 �1000 �10000
f .x/ �5:994326 �5:998973 �5:999493 �5:999950

x 100 500 1000 10000

f .x/ 6:004325 6:000973 6:000493 6:000050

(b) From the graph below, it also appears that

lim
x!1

12x C 1p
4x2 C 9

D 6 and lim
x!�1

12x C 1p
4x2 C 9

D �6:

−6

−4

−2

2

4

6

−5 5

y

x

(c) The horizontal asymptotes off .x/ arey D �6 andy D 6.

In Exercises 7–16, evaluate the limit.

7. lim
x!1

x

x C 9

SOLUTION

lim
x!1

x

x C 9
D lim
x!1

x�1.x/
x�1.x C 9/

D lim
x!1

1

1C 9
x

D 1

1C 0
D 1:

8. lim
x!1

3x2 C 20x

4x2 C 9

SOLUTION

lim
x!1

3x2 C 20x

4x2 C 9
D lim
x!1

x�2.3x2 C 20x/

x�2.4x2 C 9/
D lim
x!1

3C 20
x

4C 9
x2

D 3C 0

4C 0
D 3

4
:
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9. lim
x!1

3x2 C 20x

2x4 C 3x3 � 29
SOLUTION

lim
x!1

3x2 C 20x

2x4 C 3x3 � 29
D lim
x!1

x�4.3x2 C 20x/

x�4.2x4 C 3x3 � 29/
D lim
x!1

3
x2 C 20

x3

2C 3
x � 29

x4

D 0

2
D 0:

10. lim
x!1

4

x C 5

SOLUTION

lim
x!1

4

x C 5
D lim
x!1

x�1.4/
x�1.x C 5/

D lim
x!1

4
x

1C 5
x

D 0

1
D 0:

11. lim
x!1

7x � 9
4x C 3

SOLUTION

lim
x!1

7x � 9
4x C 3

D lim
x!1

x�1.7x � 9/

x�1.4x C 3/
D lim
x!1

7 � 9
x

4C 3
x

D 7

4
:

12. lim
x!1

9x2 � 2

6 � 29x
SOLUTION

lim
x!1

9x2 � 2
6 � 29x

D lim
x!1

x�1.9x2 � 2/

x�1.6 � 29x/
D lim
x!1

9x � 2
x

6
x � 29

D 1
�29 D �1:

13. lim
x!�1

7x2 � 9

4x C 3

SOLUTION

lim
x!�1

7x2 � 9
4x C 3

D lim
x!�1

x�1.7x2 � 9/

x�1.4x C 3/
D lim
x!�1

7x � 9
x

4C 3
x

D �1:

14. lim
x!�1

5x � 9

4x3 C 2x C 7

SOLUTION

lim
x!�1

5x � 9
4x3 C 2x C 7

D lim
x!�1

x�3.5x � 9/

x�3.4x3 C 2x C 7/
D lim
x!�1

5
x2 � 9

x3

4C 2
x2 C 7

x3

D 0

4
D 0:

15. lim
x!�1

3x3 � 10

x C 4

SOLUTION

lim
x!�1

3x3 � 10
x C 4

D lim
x!�1

x�1.3x3 � 10/

x�1.x C 4/
D lim
x!�1

3x2 � 10
x

1C 4
x

D 1
1

D 1:

16. lim
x!�1

2x5 C 3x4 � 31x

8x4 � 31x2 C 12

SOLUTION

lim
x!�1

2x5 C 3x4 � 31x
8x4 � 31x2 C 12

D lim
x!�1

x�4.2x5 C 3x4 � 31x/
x�4.8x4 � 31x2 C 12/

D lim
x!�1

2x C 3 � 31
x3

8 � 31
x2 C 12

x4

D �1
8

D �1:

In Exercises 17–22, find the horizontal asymptotes.

17. f .x/ D 2x2 � 3x
8x2 C 8
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SOLUTION First calculate the limits asx ! ˙1. Forx ! 1,

lim
x!1

2x2 � 3x

8x2 C 8
D lim
x!1

2 � 3
x

8C 8
x2

D 2

8
D 1

4
:

Similarly,

lim
x!�1

2x2 � 3x

8x2 C 8
D lim
x!�1

2 � 3
x

8C 8
x2

D 2

8
D 1

4
:

Thus, the horizontal asymptote off .x/ is y D 1
4 .

18. f .x/ D 8x3 � x2

7C 11x � 4x4
SOLUTION First calculate the limits asx ! ˙1. Forx ! 1,

lim
x!1

8x3 � x2

7C 11x � 4x4
D lim
x!1

8
x � 1

x2

7
x4 C 11

x3 � 4
D 0:

Similarly,

lim
x!�1

8x3 � x2

7C 11x � 4x4
D lim
x!�1

8
x � 1

x2

7
x4 C 11

x3 � 4
D 0:

Thus, the horizontal asymptote off .x/ is y D 0.

19. f .x/ D
p
36x2 C 7

9x C 4

SOLUTION Forx > 0, x�1 D jx�1j D
p
x�2, so

lim
x!1

p
36x2 C 7

9x C 4
D lim
x!1

q
36C 7

x2

9C 4
x

D
p
36

9
D 2

3
:

On the other hand, forx < 0, x�1 D �jx�1j D �
p
x�2, so

lim
x!�1

p
36x2 C 7

9x C 4
D lim
x!�1

�
q
36C 7

x2

9C 4
x

D �
p
36

9
D �2

3
:

Thus, the horizontal asymptotes off .x/ arey D 2
3 andy D �2

3 .

20. f .x/ D
p
36x4 C 7

9x2 C 4

SOLUTION For allx ¤ 0, x�2 D jx�2j D
p
x�4, so

lim
x!1

p
36x4 C 7

9x2 C 4
D lim
x!1

q
36C 7

x4

9C 4
x2

D
p
36

9
D 2

3
:

Similarly,

lim
x!�1

p
36x4 C 7

9x2 C 4
D lim
x!�1

q
36C 7

x4

9C 4
x2

D
p
36

9
D 2

3
:

Thus, the horizontal asymptote off .x/ is y D 2
3 .

21. f .t/ D et

1C e�t

SOLUTION With

lim
t!1

et

1C e�t D 1
1

D 1

and

lim
t!�1

et

1C e�t D 0;

the functionf .t/ has one horizontal asymptote,y D 0.
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22. f .t/ D t1=3

.64t2 C 9/1=6

SOLUTION For t > 0, t�1=3 D jt�1=3j D .t�2/1=6, so

lim
t!1

t1=3

.64t2 C 9/1=6
D lim
t!1

1

.64C 9
t2
/1=6

D 1

2
:

On the other hand, fort < 0, t�1=3 D �jt�1=3j D �.t�2/1=6, so

lim
t!�1

t1=3

.64t2 C 9/1=6
D lim
t!�1

1

�.64C 9
t2
/1=6

D �1
2
:

Thus, the horizontal asymptotes forf .t/ arey D 1
2 andy D �1

2 .

In Exercises 23–30, evaluate the limit.

23. lim
x!1

p
9x4 C 3x C 2

4x3 C 1

SOLUTION Forx > 0, x�3 D jx�3j D
p
x�6, so

lim
x!1

p
9x4 C 3x C 2

4x3 C 1
D lim
x!1

q
9
x2 C 3

x5 C 2
x6

4C 1
x3

D 0:

24. lim
x!1

p
x3 C 20x

10x � 2

SOLUTION Forx > 0, x�1 D jx�1j D
p
x�2, so

lim
x!1

p
x3 C 20x

10x � 2 D lim
x!1

q
x C 20

x

10 � 2
x

D 1
10

D 1:

25. lim
x!�1

8x2 C 7x1=3p
16x4 C 6

SOLUTION Forx < 0, x�2 D jx�2j D
p
x�4, so

lim
x!�1

8x2 C 7x1=3p
16x4 C 6

D lim
x!�1

8C 7
x5=3q

16C 6
x4

D 8p
16

D 2:

26. lim
x!�1

4x � 3p
25x2 C 4x

SOLUTION Forx < 0, x�1 D �jx�1j D �
p
x�2, so

lim
x!�1

4x � 3p
25x2 C 4x

D lim
x!�1

4 � 3
x

�
q
25C 4

x

D 4

�
p
25

D �4
5
:

27. lim
t!1

t4=3 C t1=3

.4t2=3 C 1/2

SOLUTION lim
t!1

t4=3 C t1=3

.4t2=3 C 1/2
D lim
t!1

1C 1
t

.4C 1
t2=3

/2
D 1

16
.

28. lim
t!1

t4=3 � 9t1=3

.8t4 C 2/1=3

SOLUTION lim
t!1

t4=3 � 9t1=3

.8t4 C 2/1=3
D lim
t!1

1 � 9
t

.8C 2
t4
/1=3

D 1

2
.

29. lim
x!�1

jxj C x

x C 1

SOLUTION Forx < 0, jxj D �x. Therefore, for allx < 0,

jxj C x

x C 1
D �x C x

x C 1
D 0I

consequently,

lim
x!�1

jxj C x

x C 1
D 0:
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30. lim
t!�1

4C 6e2t

5 � 9e3t

SOLUTION Because

lim
t!�1

e2t D lim
t!�1

e3t D 0;

it follows that

lim
t!�1

4C 6e2t

5� 9e3t
D 4C 0

5 � 0
D 4

5
:

31. Determine lim
x!1

tan�1 x. Explain geometrically.

SOLUTION As an angle� increases from0 to �
2 , its tangentx D tan� approaches1. Therefore,

lim
x!1

tan�1 x D �

2
:

Geometrically, this means that the graph ofy D tan�1 x has a horizontal asymptote aty D �
2 .

32. Show that lim
x!1

.
p
x2 C 1 � x/ D 0. Hint: Observe that

p
x2 C 1 � x D 1p

x2 C 1C x

SOLUTION Rationalizing the ”numerator,” we find

p
x2 C 1 � x D .

p
x2 C 1 � x/

p
x2 C 1C xp
x2 C 1C x

D .x2 C 1/ � x2p
x2 C 1C x

D 1p
x2 C 1C x

:

Thus,

lim
x!1

.
p
x2 C 1 � x/ D lim

x!1
1p

x2 C 1C x
D 0:

33. According to theMichaelis–Menten equation(Figure 7), when an enzyme is combined with a substrate of concentrations (in
millimolars), the reaction rate (in micromolars/min) is

R.s/ D As

K C s
.A,K constants)

(a) Show, by computing lim
s!1

R.s/, thatA is the limiting reaction rate as the concentrations approaches1.

(b) Show that the reaction rateR.s/ attains one-half of the limiting valueA whens D K.

(c) For a certain reaction,K D 1:25 mM andA D 0:1. For which concentrations isR.s/ equal to75% of its limiting value?

Leonor Michaelis
1875−1949

Maud Menten
1879−1960

FIGURE 2 Canadian-born biochemist Maud Menten is best known for her fundamental work on enzyme kinetics with German
scientist Leonor Michaelis. She was also an accomplished painter, clarinetist, mountain climber, and master of numerous
languages.

SOLUTION

(a) lim
s!1

R.s/ D lim
s!1

As

K C s
D lim
s!1

A

1C K
s

D A.
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(b) Observe that

R.K/ D AK

K CK
D AK

2K
D A

2
;

have of the limiting value.

(c) By part (a), the limiting value is 0.1, so we need to determine the value ofs that satisfies

R.s/ D 0:1s

1:25C s
D 0:075:

Solving this equation fors yields

s D .1:25/.0:075/

0:025
D 3:75 mM:

34. Suppose that the average temperature of the earth isT .t/ D 283 C 3.1 � e�0:03t / kelvins, wheret is the number of years
since2000.

(a) Calculate the long-term averageL D lim
t!1

T .t/.

(b) At what time isT .t/ within one-half a degree of its limiting value?

SOLUTION

(a) L D lim
t!1

T .t/ D lim
t!1

.283C 3.1 � e�0:03t // D 286 kelvins.

(b) We need to solve the equation

T .t/ D 283C 3.1 � e�0:03t / D 285:5:

This yields

t D 1

0:03
ln6 � 59:73:

The average temperature of the earth will be within one-half a degree of its limiting value in roughly 2060.

In Exercises 35–42, calculate the limit.

35. lim
x!1

�p
4x4 C 9x � 2x2

�

SOLUTION Write

p
4x4 C 9x � 2x2 D

�p
4x4 C 9x � 2x2

�p
4x4 C 9x C 2x2p
4x4 C 9x C 2x2

D .4x4 C 9x/ � 4x4p
4x4 C 9x C 2x2

D 9xp
4x4 C 9x C 2x2

:

Thus,

lim
x!1

.
p
4x4 C 9x � 2x2/ D lim

x!1
9xp

4x4 C 9x C 2x2
D 0:

36. lim
x!1

.
p
9x3 C x � x3=2/

SOLUTION Write

p
9x3 C x � x3=2 D

�p
9x3 C x � x3=2

�p
9x3 C x C x3=2p
9x3 C x C x3=2

D .9x3 C x/� x3p
9x3 C x C x3=2

D 8x3 C xp
9x3 C x C x3=2

:

Thus,

lim
x!1

.
p
9x3 C x � x3=2/ D lim

t!1
8x3 C xp

9x3 C x C x3=2
D 1:

37. lim
x!1

�
2
p
x �

p
x C 2

�
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SOLUTION Write

2
p
x �

p
x C 2 D

�
2
p
x �

p
x C 2

�2px C
p
x C 2

2
p
x C

p
x C 2

D 4x � .x C 2/

2
p
x C

p
x C 2

D 3x � 2

2
p
x C

p
x C 2

:

Thus,

lim
x!1

.2
p
x �

p
x C 2/ D lim

x!1
3x � 2

2
p
x C

p
x C 2

D 1:

38. lim
x!1

�
1

x
� 1

x C 2

�

SOLUTION lim
x!1

�
1

x
� 1

x C 2

�
D lim
x!1

2

x.x C 2/
D 0.

39. lim
x!1

.ln.3x C 1/ � ln.2x C 1//

SOLUTION Because

ln.3x C 1/� ln.2x C 1/ D ln
3x C 1

2x C 1

and

lim
x!1

3x C 1

2x C 1
D 3

2
;

it follows that

lim
x!1 .ln.3x C 1/ � ln.2x C 1// D ln

3

2
:

40. lim
x!1

�
ln.
p
5x2 C 2/� ln x

�

SOLUTION Because

ln.
p
5x2 C 2/ � ln x D ln

p
5x2 C 2

x

and

lim
x!1

p
5x2 C 2

x
D lim
x!1

q
5C 2

x2

1
D

p
5;

it follows that

lim
x!1

�
ln.
p
5x2 C 2/� ln x

�
D ln

p
5 D 1

2
ln5:

41. lim
x!1

tan�1
 
x2 C 9

9 � x

!

SOLUTION Because

lim
x!1

x2 C 9

9 � x D lim
x!1

x C 9
x

9
x � 1

D 1
�1 D �1;

it follows that

lim
x!1 tan�1

 
x2 C 9

9 � x

!
D ��

2
:

42. lim
x!1

tan�1
�
1C x

1 � x

�

SOLUTION Because

lim
x!1

1C x

1 � x
D �1;

it follows that

lim
x!1

tan�1
�
1C x

1 � x

�
D tan�1.�1/ D ��

4
:
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43. LetP.n/ be the perimeter of ann-gon inscribed in a unit circle (Figure 3).

(a) Explain, intuitively, whyP.n/ approaches2� asn ! 1.
(b) Show thatP.n/ D 2n sin

�
�
n

�
:

(c) Combine (a) and (b) to conclude that lim
n!1

n
� sin

�
�
n

�
D 1.

(d) Use this to give another argument that lim
�!0

sin�

�
D 1.

n = 6 n = 9 n = 12

FIGURE 3

SOLUTION

(a) As n ! 1, then-gon approaches a circle of radius 1. Therefore, the perimeter of then-gon approaches the circumference of
the unit circle asn ! 1. That is,P.n/ ! 2� asn ! 1.
(b) Each side of then-gon is the third side of an isosceles triangle with equal length sides of length 1 and angle� D 2�

n between
the equal length sides. The length of each side of then-gon is therefore

r
12 C 12 � 2 cos

2�

n
D
r
2.1 � cos

2�

n
/ D

r
4 sin2

�

n
D 2 sin

�

n
:

Finally,

P.n/ D 2n sin
�

n
:

(c) Combining parts (a) and (b),

lim
n!1

P.n/ D lim
n!1

2n sin
�

n
D 2�:

Dividing both sides of this last expression by2� yields

lim
n!1

n

�
sin

�

n
D 1:

(d) Let � D �
n . Then� ! 0 asn ! 1,

n

�
sin

�

n
D 1

�
sin � D sin�

�
;

and

lim
n!1

n

�
sin

�

n
D lim
�!0

sin�

�
D 1:

44. Physicists have observed that Einstein’s theory ofspecial relativity reduces to Newtonian mechanics in the limit asc ! 1,
wherec is the speed of light. This is illustrated by a stone tossed up vertically from ground level so that it returns to earth one
second later. Using Newton’s Laws, we find that the stone’s maximum height ish D g=8 meters (g D 9:8 m/s2). According to
special relativity, the stone’s mass depends on its velocity divided byc, and the maximum height is

h.c/ D c

q
c2=g2 C 1=4 � c2=g

Prove that lim
c!1

h.c/ D g=8.

SOLUTION Write

h.c/ D c

q
c2=g2 C 1=4 � c2=g D

�
c

q
c2=g2 C 1=4 � c2=g

�c
p
c2=g2 C 1=4C c2=g

c
p
c2=g2 C 1=4C c2=g

D c2.c2=g2 C 1=4/ � c4=g2

c
p
c2=g2 C 1=4C c2=g

D c2=4

c
p
c2=g2 C 1=4C c2=g

:

Thus,

lim
c!1

h.c/ D lim
c!1

c2=4

c
p
c2=g2 C 1=4C c2=g

D c2=4

2c2=g
D g

8
:
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Further Insights and Challenges

45. Every limit asx ! 1 can be rewritten as a one-sided limit ast ! 0C, wheret D x�1. Settingg.t/ D f .t�1/, we have

lim
x!1 f .x/ D lim

t!0C
g.t/

Show that lim
x!1

3x2 � x
2x2 C 5

D lim
t!0C

3 � t
2C 5t2

, and evaluate using the Quotient Law.

SOLUTION Let t D x�1. Thenx D t�1, t ! 0C asx ! 1, and

3x2 � x

2x2 C 5
D 3t�2 � t�1

2t�2 C 5
D 3 � t
2C 5t2

:

Thus,

lim
x!1

3x2 � x

2x2 C 5
D lim
t!0C

3 � t

2C 5t2
D 3

2
:

46. Rewrite the following as one-sided limits as in Exercise 45 and evaluate.

(a) lim
x!1

3 � 12x3

4x3 C 3x C 1
(b) lim

x!1
e1=x

(c) lim
x!1

x sin
1

x
(d) lim

x!1
ln
�
x C 1

x � 1

�

SOLUTION

(a) Let t D x�1. Thenx D t�1, t ! 0C asx ! 1, and

3 � 12x3

4x3 C 3x C 1
D 3 � 12t�3

4t�3 C 3t�1 C 1
D 3t3 � 12

4C 3t2 C t3
:

Thus,

lim
x!1

3 � 12x3

4x3 C 3x C 1
D lim
t!0C

3t3 � 12

4C 3t2 C t3
D �12

4
D �3:

(b) Let t D x�1. Thenx D t�1, t ! 0C asx ! 1, ande1=x D et . Thus,

lim
x!1

e1=x D lim
t!0C

et D e0 D 1:

(c) Let t D x�1. Thenx D t�1, t ! 0C asx ! 1, and

x sin
1

x
D 1

t
sin t D sint

t
:

Thus,

lim
x!1

x sin
1

x
D lim
t!0C

sint

t
D 1:

(d) Let t D x�1. Thenx D t�1, t ! 0C asx ! 1, and

x C 1

x � 1
D t�1 C 1

t�1 � 1
D 1C t

1 � t
:

Thus,

lim
x!1

ln

�
x C 1

x � 1

�
D lim
t!0C

ln

�
1C t

1 � t

�
D ln1 D 0:

47. LetG.b/ D lim
x!1

.1C bx/1=x for b � 0. InvestigateG.b/ numerically and graphically forb D 0:2, 0:8, 2, 3, 5 (and additional

values if necessary). Then make a conjecture for the value ofG.b/ as a function ofb. Draw a graph ofy D G.b/. DoesG.b/ appear
to be continuous? We will evaluateG.b/ using L’Hôpital’s Rule in Section 4.5 (see Exercise 69 in Section 4.5).

SOLUTION

� b D 0:2:

x 5 10 50 100

f .x/ 1.000064 1.000000 1.000000 1.000000
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It appears thatG.0:2/ D 1.
� b D 0:8:

x 5 10 50 100

f .x/ 1.058324 1.010251 1.000000 1.000000

It appears thatG.0:8/ D 1.
� b D 2:

x 5 10 50 100

f .x/ 2.012347 2.000195 2.000000 2.000000

It appears thatG.2/ D 2.
� b D 3:

x 5 10 50 100

f .x/ 3.002465 3.000005 3.000000 3.000000

It appears thatG.3/ D 3.
� b D 5:

x 5 10 50 100

f .x/ 5.000320 5.000000 5.000000 5.000000

It appears thatG.5/ D 5.

Based on these observations we conjecture thatG.b/ D 1 if 0 � b � 1 andG.b/ D b for b > 1. The graph ofy D G.b/ is shown
below; the graph does appear to be continuous.

1

0
0 1 2 3 4

2

3

4

y

x

2.8 Intermediate Value Theorem

Preliminary Questions
1. Prove thatf .x/ D x2 takes on the value 0.5 in the intervalŒ0; 1�.

SOLUTION Observe thatf .x/ D x2 is continuous onŒ0; 1� with f .0/ D 0 andf .1/ D 1. Becausef .0/ < 0:5 < f .1/, the
Intermediate Value Theorem guarantees there is ac 2 Œ0; 1� such thatf .c/ D 0:5.

2. The temperature in Vancouver was8ıC at 6AM and rose to20ıC at noon. Which assumption about temperature allows us to
conclude that the temperature was15ıC at some moment of time between 6AM and noon?

SOLUTION We must assume that temperature is a continuous function of time.

3. What is the graphical interpretation of the IVT?

SOLUTION If f is continuous onŒa; b�, then the horizontal liney D k for everyk betweenf .a/ andf .b/ intersects the graph of
y D f .x/ at least once.

4. Show that the following statement is false by drawing a graph that provides a counterexample:

If f .x/ is continuous and has a root inŒa; b�, thenf .a/ andf .b/ have opposite signs.

SOLUTION

f (a)

f (b)

a

y

x
b



S E C T I O N 2.8 Intermediate Value Theorem 153

5. Assume thatf .t/ is continuous onŒ1; 5� and thatf .1/ D 20, f .5/ D 100. Determine whether each of the following statements
is always true, never true, or sometimes true.

(a) f .c/ D 3 has a solution withc 2 Œ1; 5�.
(b) f .c/ D 75 has a solution withc 2 Œ1; 5�.
(c) f .c/ D 50 has no solution withc 2 Œ1; 5�.
(d) f .c/ D 30 has exactly one solution withc 2 Œ1; 5�.

SOLUTION

(a) This statement is sometimes true.

(b) This statement is always true.

(c) This statement is never true.

(d) This statement is sometimes true.

Exercises
1. Use the IVT to show thatf .x/ D x3 C x takes on the value 9 for somex in Œ1; 2�.

SOLUTION Observe thatf .1/ D 2 andf .2/ D 10. Sincef is a polynomial, it is continuous everywhere; in particular onŒ1; 2�.
Therefore, by the IVT there is ac 2 Œ1; 2� such thatf .c/ D 9.

2. Show thatg.t/ D t

t C 1
takes on the value 0.499 for somet in Œ0; 1�.

SOLUTION g.0/ D 0 andg.1/ D 1
2 . Sinceg.t/ is continuous for allx ¤ �1, and since0 < 0:4999 < 1

2 , the IVT states that
g.t/ D 0:4999 for somet between0 and1.

3. Show thatg.t/ D t2 tant takes on the value12 for somet in
�
0; �4

�
.

SOLUTION g.0/ D 0 andg.�4 / D �2

16 : g.t/ is continuous for allt between0 and �4 , and0 < 1
2 <

�2

16 ; therefore, by the IVT,

there is ac 2 Œ0; �4 � such thatg.c/ D 1
2 .

4. Show thatf .x/ D x2

x7 C 1
takes on the value 0.4.

SOLUTION f .0/ D 0 < 0:4. f .1/ D 1
2 > 0:4. f .x/ is continuous at all pointsx wherex ¤ �1, thereforef .x/ D 0:4 for some

x between0 and1.

5. Show that cosx D x has a solution in the intervalŒ0; 1�. Hint: Show thatf .x/ D x � cosx has a zero inŒ0; 1�.

SOLUTION Let f .x/ D x � cosx: Observe thatf is continuous withf .0/ D �1 andf .1/ D 1 � cos1 � 0:46. Therefore, by
the IVT there is ac 2 Œ0; 1� such thatf .c/ D c � cosc D 0. Thusc D cosc and hence the equation cosx D x has a solutionc in
Œ0; 1�.

6. Use the IVT to find an interval of length12 containing a root off .x/ D x3 C 2x C 1.

SOLUTION Let f .x/ D x3 C 2x C 1. Observe thatf .�1/ D �2 andf .0/ D 1. Sincef is continuous, we may conclude by the

IVT that f has a root inŒ�1; 0�. Now,f .�1
2 / D �1

8 so f .�1
2 / andf .0/ are of opposite sign. Therefore, the IVT guarantees that

f has a root onŒ�1
2 ; 0�.

In Exercises 7–16, prove using the IVT.

7.
p
c C

p
c C 2 D 3 has a solution.

SOLUTION Letf .x/ D
p
xC

p
x C 2� 3:Note thatf is continuous on

h
1
4 ; 2

i
with f .14 / D

q
1
4 C

q
9
4 � 3 D �1 andf .2/ D

p
2 � 1 � 0:41. Therefore, by the IVT there is ac 2

h
1
4 ; 2

i
such thatf .c/ D

p
c C

p
c C 2 � 3 D 0. Thus

p
c C

p
c C 2 D 3

and hence the equation
p
x C

p
x C 2 D 3 has a solutionc in

h
1
4 ; 2

i
.

8. For all integersn, sinnx D cosx for somex 2 Œ0; ��.
SOLUTION For each integern, let f .x/ D sinnx � cosx. Observe thatf is continuous withf .0/ D �1 andf .�/ D 1.
Therefore, by the IVT there is ac 2 Œ0; �� such thatf .c/ D sinnc � cosc D 0. Thus sinnc D cosc and hence the equation
sinnx D cosx has a solutionc in the intervalŒ0; ��.

9.
p
2 exists.Hint: Considerf .x/ D x2.

SOLUTION Let f .x/ D x2: Observe thatf is continuous withf .1/ D 1 andf .2/ D 4. Therefore, by the IVT there is a

c 2 Œ1; 2� such thatf .c/ D c2 D 2. This proves the existence of
p
2, a number whose square is 2.

10. A positive numberc has annth root for all positive integersn.
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SOLUTION If c D 1, then n
p
c D 1. Now, supposec ¤ 1. Let f .x/ D xn � c, and letb D maxf1; cg. Then, if c > 1,

bn D cn > c, and if c < 1, bn D 1 > c. Sobn > c. Now observe thatf .0/ D �c < 0 andf .b/ D bn � c > 0. Sincef is
continuous onŒ0; b�, by the intermediate value theorem, there is somed 2 Œ0; b� such thatf .d/ D 0. We can refer tod as n

p
c.

11. For all positive integersk, cosx D xk has a solution.

SOLUTION For each positive integerk, let f .x/ D xk � cosx: Observe thatf is continuous on
�
0; �2

�
with f .0/ D �1 and

f .�2 / D
�
�
2

�k
> 0. Therefore, by the IVT there is ac 2

�
0; �2

�
such thatf .c/ D ck � cos.c/ D 0. Thus cosc D ck and hence

the equation cosx D xk has a solutionc in the interval
�
0; �2

�
.

12. 2x D bx has a solution ifb > 2.

SOLUTION Let f .x/ D 2x � bx. Observe thatf is continuous onŒ0; 1� with f .0/ D 1 > 0 andf .1/ D 2� b < 0. Therefore, by
the IVT, there is ac 2 Œ0; 1� such thatf .c/ D 2c � bc D 0.

13. 2x C 3x D 4x has a solution.

SOLUTION Let f .x/ D 2x C 3x � 4x . Observe thatf is continuous onŒ0; 2� with f .0/ D 1 > 0 andf .2/ D �3 < 0. Therefore,
by the IVT, there is ac 2 .0; 2/ such thatf .c/ D 2c C 3c � 4c D 0.

14. cosx D cos�1 x has a solution in.0; 1/.

SOLUTION Let f .x/ D cosx � cos�1 x. Observe thatf is continuous onŒ0; 1� with f .0/ D 1� �
2 < 0 andf .1/ D cos1 � 0 �

0:54 > 0. Therefore, by the IVT, there is ac 2 .0; 1/ such thatf .c/ D cosc � cos�1 c D 0.

15. ex C lnx D 0 has a solution.

SOLUTION Let f .x/ D ex C ln x. Observe thatf is continuous onŒe�2; 1� with f .e�2/ D ee
�2 � 2 < 0 andf .1/ D e > 0.

Therefore, by the IVT, there is ac 2 .e�2; 1/ � .0; 1/ such thatf .c/ D ec C ln c D 0.

16. tan�1 x D cos�1 x has a solution.

SOLUTION Let f .x/ D tan�1 x � cos�1 x. Observe thatf is continuous onŒ0; 1� with f .0/ D tan�1 0 � cos�1 0 D ��
2 < 0

andf .1/ D tan�1 1 � cos�1 1 D �
4 > 0. Therefore, by the IVT, there is ac 2 .0; 1/ such thatf .c/ D tan�1 c � cos�1 c D 0.

17. Carry out three steps of the Bisection Method forf .x/ D 2x � x3 as follows:

(a) Show thatf .x/ has a zero inŒ1; 1:5�.

(b) Show thatf .x/ has a zero inŒ1:25; 1:5�.

(c) Determine whetherŒ1:25; 1:375� or Œ1:375; 1:5� contains a zero.

SOLUTION Note thatf .x/ is continuous for allx.

(a) f .1/ D 1, f .1:5/ D 21:5 � .1:5/3 < 3 � 3:375 < 0. Hence,f .x/ D 0 for somex between1 and1:5.

(b) f .1:25/ � 0:4253 > 0 andf .1:5/ < 0. Hence,f .x/ D 0 for somex between1:25 and1:5.

(c) f .1:375/ � �0:0059. Hence,f .x/ D 0 for somex between 1.25 and 1.375.

18. Figure 1 shows thatf .x/ D x3 � 8x � 1 has a root in the intervalŒ2:75; 3�. Apply the Bisection Method twice to find an
interval of length 116 containing this root.

1 2 3
x

y

FIGURE 1 Graph ofy D x3 � 8x � 1.

SOLUTION Let f .x/ D x3 � 8x � 1: Observe thatf is continuous withf .2:75/ D �2:203125 andf .3/ D 2. Therefore,
by the IVT there is ac 2 Œ2:75; 3� such thatf .c/ D 0. The midpoint of the intervalŒ2:75; 3� is 2.875 andf .2:875/ D �0:236.
Hence,f .x/ D 0 for somex between 2.875 and 3. The midpoint of the intervalŒ2:875; 3� is 2.9375 andf .2:9375/ D 0:84. Thus,
f .x/ D 0 for somex between 2.875 and 2.9375.

19. Find an interval of length14 in Œ1; 2� containing a root of the equationx7 C 3x � 10 D 0.

SOLUTION Let f .x/ D x7 C 3x � 10. Observe thatf is continuous withf .1/ D �6 andf .2/ D 124. Therefore, by the IVT
there is ac 2 Œ1; 2� such thatf .c/ D 0. f .1:5/ � 11:59 > 0, sof .c/ D 0 for somec 2 Œ1; 1:5�. f .1:25/ � �1:48 < 0, and so
f .c/ D 0 for somec 2 Œ1:25; 1:5�. This means thatŒ1:25; 1:5� is an interval of length0:25 containing a root off .x/.

20. Show that tan3 � � 8 tan2 � C 17 tan� � 8 D 0 has a root inŒ0:5; 0:6�. Apply the Bisection Method twice to find an interval
of length 0.025 containing this root.
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SOLUTION Let f .x/ D tan3 � � 8 tan2 � C 17 tan� � 8. Sincef .0:5/ D �0:937387 < 0 andf .0:6/ D 0:206186 > 0, we
conclude thatf .x/ D 0 has a root inŒ0:5; 0:6�. Sincef .0:55/ D �0:35393 < 0 andf .0:6/ > 0, we can conclude thatf .x/ D 0

has a root inŒ0:55; 0:6�. Sincef .0:575/ D �0:0707752 < 0, we can conclude thatf has a root onŒ0:575; 0:6�.

In Exercises 21–24, draw the graph of a functionf .x/ on Œ0; 4� with the given property.

21. Jump discontinuity atx D 2 and does not satisfy the conclusion of the IVT.

SOLUTION The function graphed below has a jump discontinuity atx D 2. Note that whilef .0/ D 2 andf .4/ D 4, there is no
point c in the intervalŒ0; 4� such thatf .c/ D 3. Accordingly, the conclusion of the IVT isnot satisfied.
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22. Jump discontinuity atx D 2 and satisfies the conclusion of the IVT onŒ0; 4�.

SOLUTION The function graphed below has a jump discontinuity atx D 2. Note that for every valueM betweenf .0/ D 2 and
f .4/ D 4, thereis a pointc in the intervalŒ0; 4� such thatf .c/ D M . Accordingly, the conclusion of the IVTis satisfied.
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23. Infinite one-sided limits atx D 2 and does not satisfy the conclusion of the IVT.

SOLUTION The function graphed below has infinite one-sided limits atx D 2. Note that whilef .0/ D 2 andf .4/ D 4, there is
no pointc in the intervalŒ0; 4� such thatf .c/ D 3. Accordingly, the conclusion of the IVT isnot satisfied.
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24. Infinite one-sided limits atx D 2 and satisfies the conclusion of the IVT onŒ0; 4�.

SOLUTION The function graphed below has infinite one-sided limits atx D 2. Note that for every valueM betweenf .0/ D 0

andf .4/ D 4, thereis a pointc in the intervalŒ0; 4� such thatf .c/ D M . Accordingly, the conclusion of the IVTis satisfied.
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25. Can Corollary 2 be applied tof .x/ D x�1 on Œ�1; 1�? Doesf .x/ have any roots?

SOLUTION No, becausef .x/ D x�1 is not continuous onŒ�1; 1�. Even thoughf .�1/ D �1 < 0 andf .1/ D 1 > 0, the
function has no roots betweenx D �1 andx D 1. In fact, this function has no roots at all.

Further Insights and Challenges

26. Take any map and draw a circle on it anywhere (Figure 2). Prove that at any moment in time there exists a pair of diametrically
opposite pointsA andB on that circle corresponding to locations where the temperatures at that moment are equal.Hint: Let � be
an angular coordinate along the circle and letf .�/ be the difference in temperatures at the locations corresponding to� and� C �.

θ

B

A

FIGURE 2 f .�/ is the difference between the temperatures atA andB.

SOLUTION Say the circle has (fixed but arbitrary) radiusr and use polar coordinates with the pole at the center of the circle.
For 0 � � � 2�, let T .�/ be the temperature at the point.r cos�; r sin�/. We assume this temperature varies continuously. For
0 � � � �, definef as the differencef .�/ D T .�/� T .� C �/. Thenf is continuous onŒ0; ��. There are three cases.

� If f .0/ D T .0/ � T .�/ D 0, thenT .0/ D T .�/ and we have found a pair of diametrically opposite points on the circle at
which the temperatures are equal.

� If f .0/ D T .0/� T .�/ > 0, then

f .�/ D T .�/� T .2�/ D T .�/ � T .0/ < 0:

[Note that the angles 0 and2� correspond to the same point,.x; y/ D .r; 0/.] Sincef is continuous onŒ0; ��, we have by the
IVT that f .c/ D T .c/� T .c C �/ D 0 for somec 2 Œ0; ��. Accordingly,T .c/ D T .c C �/ and we have again found a pair
of diametrically opposite points on the circle at which the temperatures are equal.

� If f .0/ D T .0/� T .�/ < 0, then

f .�/ D T .�/� T .2�/ D T .�/ � T .0/ > 0:

Sincef is continuous onŒ0; ��, we have by the IVT thatf .d/ D T .d/ � T .d C �/ D 0 for somed 2 Œ0; ��. Accordingly,
T .d/ D T .d C�/ and once more we have found a pair of diametrically opposite points on the circle at which the temperatures
are equal.

CONCLUSION: There is always a pair of diametrically opposite points on the circle at which the temperatures are equal.

27. Show that iff .x/ is continuous and0 � f .x/ � 1 for 0 � x � 1, thenf .c/ D c for somec in Œ0; 1� (Figure 3).

1

1

y = f (x)

y = x

c
x

y

FIGURE 3 A function satisfying0 � f .x/ � 1 for 0 � x � 1.

SOLUTION If f .0/ D 0, the proof is done withc D 0. We may assume thatf .0/ > 0. Letg.x/ D f .x/� x. g.0/ D f .0/� 0 D
f .0/ > 0. Sincef .x/ is continuous, the Rule of Differences dictates thatg.x/ is continuous. We need to prove thatg.c/ D 0 for
somec 2 Œ0; 1�. Sincef .1/ � 1, g.1/ D f .1/� 1 � 0. If g.1/ D 0, the proof is done withc D 1, so let’s assume thatg.1/ < 0.

We now have a continuous functiong.x/ on the intervalŒ0; 1� such thatg.0/ > 0 andg.1/ < 0. From the IVT, there must be
somec 2 Œ0; 1� so thatg.c/ D 0, sof .c/� c D 0 and sof .c/ D c.

This is a simple case of a very general, useful, and beautiful theorem called theBrouwer fixed point theorem.
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28. Use the IVT to show that iff .x/ is continuous and one-to-one on an intervalŒa; b�, thenf .x/ is either an increasing or a
decreasing function.

SOLUTION Let f .x/ be a continuous, one-to-one function on the intervalŒa; b�. Suppose for sake of contradiction thatf .x/ is
neither increasing nor decreasing onŒa; b�. Now,f .x/ cannot be constant for that would contradict the condition thatf .x/ is one-
to-one. It follows that somewhere onŒa; b�, f .x/ must transition from increasing to decreasing or from decreasing to increasing.
To be specific, supposef .x/ is increasing forx1 < x < x2 and decreasing forx2 < x < x3. Let k be any number between
maxff .x1/; f .x3/g andf .x2/. Becausef .x/ is continuous, the IVT guarantees there exists ac1 2 .x1; x2/ such thatf .c1/ D k;
moreover, there exists ac2 2 .x2; x3/ such thatf .c2/ D k. However, this contradicts the condition thatf .x/ is one-to-one.
A similar analysis for the case whenf .x/ is decreasing forx1 < x < x2 and increasing forx2 < x < x3 again leads to a
contradiction. Therefore,f .x/must either be increasing or decreasing onŒa; b�.

29. Ham Sandwich TheoremFigure 4(A) shows a slice of ham. Prove that for any angle� (0 � � � �), it is possible
to cut the slice in half with a cut of incline� . Hint: The lines of inclination� are given by the equationsy D .tan�/x C b, where
b varies from�1 to 1. Each such line divides the slice into two pieces (one of which may be empty). LetA.b/ be the amount
of ham to the left of the line minus the amount to the right, and letA be the total area of the ham. Show thatA.b/ D �A if b is
sufficiently large andA.b/ D A if b is sufficiently negative. Then use the IVT. This works if� ¤ 0 or �2 . If � D 0, defineA.b/
as the amount of ham above the liney D b minus the amount below. How can you modify the argument to work when� D �

2 (in
which case tan� D 1)?

Cutting a slice of ham
at an angle   .

L(0) = L(  )

L(  )L (    ) 
2

(A) (B) A slice of ham on top
of a slice of bread.

x

y

x

y

FIGURE 4

SOLUTION Let � be such that� ¤ �
2 . For anyb, consider the lineL.�/ drawn at angle� to thex axis starting at.0; b/. This line

has formulay D .tan�/x C b. LetA.b/ be the amount of ham above the line minus that below the line.
LetA > 0 be the area of the ham. We have to accept the following (reasonable) assumptions:

� For low enoughb D b0, the lineL.�/ lies entirely below the ham, so thatA.b0/ D A � 0 D A.
� For high enoughb1, the lineL.�/ lies entirely above the ham, so thatA.b1/ D 0 � A D �A.
� A.b/ is continuous as a function ofb.

Under these assumptions, we seeA.b/ is a continuous function satisfyingA.b0/ > 0 andA.b1/ < 0 for someb0 < b1. By the
IVT, A.b/ D 0 for someb 2 Œb0; b1�.

Suppose that� D �
2 . Let the lineL.c/ be the vertical line through.c; 0/ (x D c). LetA.c/ be the area of ham to the left ofL.c/

minus that to the right ofL.c/. SinceL.0/ lies entirely to the left of the ham,A.0/ D 0 � A D �A. For somec D c1 sufficiently
large,L.c/ lies entirely to the right of the ham, so thatA.c1/ D A � 0 D A. HenceA.c/ is a continuous function ofc such that
A.0/ < 0 andA.c1/ > 0. By the IVT, there is somec 2 Œ0; c1� such thatA.c/ D 0.

30. Figure 4(B) shows a slice of ham on a piece of bread. Prove that it is possible to slice this open-faced sandwich so that
each part has equal amounts of ham and bread.Hint: By Exercise 29, for all0 � � � � there is a lineL.�/ of incline� (which we
assume is unique) that divides the ham into two equal pieces. LetB.�/ denote the amount of bread to the left of (or above)L.�/

minus the amount to the right (or below). Notice thatL.�/ andL.0/ are the same line, butB.�/ D �B.0/ since left and right
get interchanged as the angle moves from0 to �. Assume thatB.�/ is continuous and apply the IVT. (By a further extension of
this argument, one can prove the full “Ham Sandwich Theorem,” which states that if you allow the knife to cut at a slant, then it is
possible to cut a sandwich consisting of a slice of ham and two slices of bread so that all three layers are divided in half.)

SOLUTION For each angle� , 0 � � < �, let L.�/ be the line at angle� to thex-axis that slices the ham exactly in half, as
shown in Figure 4. LetL.0/ D L.�/ be the horizontal line cutting the ham in half, also as shown. For� andL.�/ thus defined, let
B.�/ D the amount of bread to the left ofL.�/ minus that to the right ofL.�/.

To understand this argument, one must understand what we mean by “to the left” or “to the right”. Here, we mean to the left or
right of the line as viewed in the direction� . Imagine you are walking along the line in direction� (directly right if � D 0, directly
left if � D �, etc).

We will further accept the fact thatB is continuous as a function of� , which seems intuitively obvious. We need to prove that
B.c/ D 0 for some anglec.

SinceL.0/ andL.�/ are drawn in opposite direction,B.0/ D �B.�/. If B.0/ > 0, we apply the IVT onŒ0; �� with B.0/ > 0,
B.�/ < 0, andB continuous onŒ0; ��; by IVT, B.c/ D 0 for somec 2 Œ0; ��. On the other hand, ifB.0/ < 0, then we apply the
IVT with B.0/ < 0 andB.�/ > 0. If B.0/ D 0, we are also done;L.0/ is the appropriate line.
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2.9 The Formal Definition of a Limit

Preliminary Questions
1. Given that lim

x!0
cosx D 1, which of the following statements is true?

(a) If jcosx � 1j is very small, thenx is close to0.

(b) There is an� > 0 such thatjxj < 10�5 if 0 < jcosx � 1j < �.
(c) There is aı > 0 such thatjcosx � 1j < 10�5 if 0 < jxj < ı.
(d) There is aı > 0 such thatjcosxj < 10�5 if 0 < jx � 1j < ı.

SOLUTION The true statement is(c): There is aı > 0 such thatjcosx � 1j < 10�5 if 0 < jxj < ı.
2. Suppose it is known that for a given� andı, jf .x/� 2j < � if 0 < jx � 3j < ı. Which of the following statements must also be
true?

(a) jf .x/� 2j < � if 0 < jx � 3j < 2ı
(b) jf .x/� 2j < 2� if 0 < jx � 3j < ı

(c) jf .x/� 2j < �

2
if 0 < jx � 3j < ı

2

(d) jf .x/� 2j < � if 0 < jx � 3j < ı

2

SOLUTION Statements(b) and(d) are true.

Exercises
1. Based on the information conveyed in Figure 1(A), find values ofL, �, andı > 0 such that the following statement holds:

jf .x/� Lj < � if jxj < ı.

3 3.12.9

10

10.4

9.8

x

y

y  = f (x) y  = f (x)

(A) (B)

0.1−0.1

4

4.8

3.5

x

y

FIGURE 1

SOLUTION We see�0:1 < x < 0:1 forces3:5 < f .x/ < 4:8. Rewritten, this means thatjx � 0j < 0:1 implies thatjf .x/� 4j <
0:8. Replacing numbers where appropriate in the definition of the limitjx � cj < ı impliesjf .x/�Lj < �, we getL D 4, � D 0:8,
c D 0, andı D 0:1.

2. Based on the information conveyed in Figure 1(B), find values ofc, L, �, andı > 0 such that the following statement holds:
jf .x/� Lj < � if 0 < jx � cj < ı.
SOLUTION From the shaded region in the graph, we can see that9:8 < f .x/ < 10:4 whenever2:9 < x < 3:1. Rewriting these
double inequalities as absolute value inequalities, we getjf .x/� 10j < 0:4 whenever0 < jx � 3j < 0:1. Replacing numbers
where appropriate in the definition of the limit0 < jx � cj < ı implies jf .x/ � Lj < �, we getL D 10, � D 0:4, c D 3, and
ı D 0:1.

3. Consider lim
x!4

f .x/, wheref .x/ D 8x C 3.

(a) Show thatjf .x/� 35j D 8jx � 4j.
(b) Show that for any� > 0, jf .x/ � 35j < � if 0 < jx � 4j < ı, whereı D �

8 . Explain how this proves rigorously that
lim
x!4

f .x/ D 35.

SOLUTION

(a) jf .x/� 35j D j8x C 3� 35j D j8x � 32j D j8.x � 4/j D 8 jx � 4j. (Remember that the last step is justified because8 > 0).

(b) Let � > 0. Let ı D �=8 and suppose0 < jx � 4j < ı. By part(a), jf .x/� 35j D 8jx � 4j < 8ı. Substitutingı D �=8, we see
jf .x/� 35j < 8�=8 D �. We see that, for any� > 0, we found an appropriateı so that0 < jx � 4j < ı implies jf .x/� 35j < �.
Hence lim

x!4
f .x/ D 35.
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4. Consider lim
x!2

f .x/, wheref .x/ D 4x � 1.

(a) Show thatjf .x/� 7j < 4ı if 0 < jx � 2j < ı.
(b) Find aı such that

jf .x/� 7j < 0:01 if 0 < jx � 2j < ı
(c) Prove rigorously that lim

x!2
f .x/ D 7.

SOLUTION

(a) If 0 < jx � 2j < ı, thenj.4x � 1/ � 7j D 4jx � 2j < 4ı.
(b) If 0 < jx � 2j < ı D 0:0025, thenj.4x � 1/ � 7j D 4jx � 2j < 4ı D 0:01.

(c) Let � > 0 be given. Then whenever0 < jx � 2j < ı D �=4, we havej.4x � 1/ � 7j D 4jx � 2j < 4ı D �. Since� was
arbitrary, we conclude that lim

x!2
.4x � 1/ D 7.

5. Consider lim
x!2

x2 D 4 (refer to Example 2).

(a) Show thatjx2 � 4j < 0:05 if 0 < jx � 2j < 0:01.
(b) Show thatjx2 � 4j < 0:0009 if 0 < jx � 2j < 0:0002.
(c) Find a value ofı such thatjx2 � 4j is less than10�4 if
0 < jx � 2j < ı.

SOLUTION

(a) If 0 < jx � 2j < ı D 0:01, thenjxj < 3 and
ˇ̌
x2 � 4

ˇ̌
D jx � 2jjx C 2j � jx � 2j .jxj C 2/ < 5jx � 2j < 0:05.

(b) If 0 < jx � 2j < ı D 0:0002, thenjxj < 2:0002 and
ˇ̌
ˇx2 � 4

ˇ̌
ˇ D jx � 2jjx C 2j � jx � 2j .jxj C 2/ < 4:0002jx � 2j < 0:00080004 < 0:0009:

(c) Note that
ˇ̌
x2 � 4

ˇ̌
D j.x C 2/.x � 2/j � jx C 2j jx � 2j. Sincejx � 2j can get arbitrarily small, we can requirejx � 2j < 1

so that1 < x < 3. This ensures thatjx C 2j is at most 5. Now we know that
ˇ̌
x2 � 4

ˇ̌
� 5jx � 2j. Let ı D 10�5. Then, if

0 < jx � 2j < ı, we get
ˇ̌
x2 � 4

ˇ̌
� 5jx � 2j < 5 � 10�5 < 10�4 as desired.

6. With regard to the limit lim
x!5

x2 D 25,

(a) Show thatjx2 � 25j < 11jx � 5j if 4 < x < 6. Hint: Write jx2 � 25j D jx C 5j � jx � 5j.
(b) Find aı such thatjx2 � 25j < 10�3 if 0 < jx � 5j < ı.
(c) Give a rigorous proof of the limit by showing thatjx2 � 25j < � if 0 < jx � 5j < ı, whereı is the smaller of �11 and 1.

SOLUTION

(a) If 4 < x < 6, thenjx � 5j < ı D 1 and
ˇ̌
x2 � 25

ˇ̌
D jx � 5jjx C 5j � jx � 5j .jxj C 5/ < 11jx � 5j.

(b) If 0 < jx � 5j < ı D 0:001
11 , thenx < 6 and

ˇ̌
x2 � 25

ˇ̌
D jx � 5jjx C 5j � jx � 5j .jxj C 5/ < 11jx � 5j < 0:001.

(c) Let 0 < jx � 5j < ı D min
˚
1; �11

	
. Sinceı < 1, jx � 5j < ı < 1 implies4 < x < 6. Specifically,x < 6 and

ˇ̌
ˇx2 � 25

ˇ̌
ˇ D jx � 5jjx C 5j � jx � 5j .jxj C 5/ < jx � 5j.6C 5/ D 11jx � 5j:

Sinceı is also less than�=11, we can conclude11jx � 5j < 11.�=11/ D �, thus completing the rigorous proof thatjx2 � 25j < �

if jx � 5j < ı.
7. Refer to Example 3 to find a value ofı > 0 such that

ˇ̌
ˇ̌ 1
x

� 1

3

ˇ̌
ˇ̌ < 10�4 if 0 < jx � 3j < ı

SOLUTION The Example shows that for any� > 0 we have

ˇ̌
ˇ̌ 1
x

� 1

3

ˇ̌
ˇ̌ � � if 0 < jx � 3j < ı

whereı is the smaller of the numbers6� and1. In our case, we may takeı D 6 � 10�4.

8. Use Figure 2 to find a value ofı > 0 such that the following statement holds:
ˇ̌
1=x2 � 1

4

ˇ̌
< � if 0 < jx � 2j < ı for � D 0:03.

Then find a value ofı that works for� D 0:01.
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FIGURE 2

SOLUTION From Figure 2, we see that0:22 < 1
x2 < 0:28 for 1:9 < x < 2:1. Rewriting these expressions using absolute values

yields
ˇ̌
ˇ̌ 1
x2

� 1

4

ˇ̌
ˇ̌ < 0:03

for 0 < jx � 2j < 0:1. Thus, for� D 0:03, we may takeı D 0:1. Additionally, we see that0:24 < 1
x2 < 0:26 for 1:96 < x < 2:04.

Rewriting these expressions using absolute values yields
ˇ̌
ˇ̌ 1
x2

� 1

4

ˇ̌
ˇ̌ < 0:01

for 0 < jx � 2j < 0:04. Thus, for� D 0:01, we may takeı D 0:04.

9. Plotf .x/ D
p
2x � 1 together with the horizontal linesy D 2:9 andy D 3:1. Use this plot to find a value ofı > 0

such thatj
p
2x � 1 � 3j < 0:1 if jx � 5j < ı.

SOLUTION From the plot below, we see thatı D 0:25 will guarantee thatj
p
2x � 1 � 3j < 0:1 wheneverjx � 5j � ı.

4.6 4.8 5 5.2 5.4

2.9

2.8

3

3.1

x

y

10. Plotf .x/ D tanx together with the horizontal linesy D 0:99 andy D 1:01. Use this plot to find a value ofı > 0 such
that jtanx � 1j < 0:01 if

ˇ̌
x � �

4

ˇ̌
< ı.

SOLUTION From the plot below, we see thatı D 0:005 will guarantee thatjtanx � 1j < 0:01 wheneverjx � �
4 j � ı.

0.775

0.98

0.99

1

1.01

1.02

0.78 0.785 0.79 0.795
x

y

11. The numbere has the following property: lim
x!0

ex � 1

x
D 1. Use a plot off .x/ D ex � 1

x
to find a value ofı > 0 such

that jf .x/� 1j < 0:01 if jx � 1j < ı.
SOLUTION From the plot below, we see thatı D 0:02 will guarantee that

ˇ̌
ˇ̌ e
x � 1

x
� 1

ˇ̌
ˇ̌ < 0:01

wheneverjxj < ı.
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12. Let f .x/ D 4

x2 C 1
and � D 0:5. Using a plot off .x/, find a value ofı > 0 such that

ˇ̌
ˇf .x/� 16

5

ˇ̌
ˇ < � for

0 <
ˇ̌
ˇx � 1

2

ˇ̌
ˇ < ı. Repeat for� D 0:2 and 0.1.

SOLUTION From the plot below, we see thatı D 0:18 will guarantee thatjf .x/� 16
5 j < 0:5 whenever0 < jx � 1

2 j < ı.

0.2 0.40.3 0.5 0.6 0.7

2.4

3.8
3.6
3.4
3.2

3
2.8
2.6

x

y

When� D 0:2, we see thatı D 0:075 will guaranteejf .x/ � 16
5 j < � whenever0 < jx � 1

2 j < ı (examine the plot below at the
left); when� D 0:1, ı D 0:035 will guaranteejf .x/� 16

5 j < � whenever0 < jx � 1
2 j < ı (examine the plot below at the right).
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13. Consider lim
x!2

1

x
.

(a) Show that ifjx � 2j < 1, then
ˇ̌
ˇ̌ 1
x

� 1

2

ˇ̌
ˇ̌ < 1

2
jx � 2j

(b) Let ı be the smaller of 1 and2�. Prove:
ˇ̌
ˇ̌ 1
x

� 1

2

ˇ̌
ˇ̌ < � if 0 < jx � 2j < ı

(c) Find aı > 0 such that
ˇ̌
ˇ 1x � 1

2

ˇ̌
ˇ < 0:01 if 0 < jx � 2j < ı.

(d) Prove rigorously that lim
x!2

1

x
D 1

2
.

SOLUTION

(a) Sincejx � 2j < 1, it follows that1 < x < 3, in particular thatx > 1. Becausex > 1, then
1

x
< 1 and

ˇ̌
ˇ̌ 1
x

� 1

2

ˇ̌
ˇ̌ D

ˇ̌
ˇ̌2 � x
2x

ˇ̌
ˇ̌ D jx � 2j

2x
<
1

2
jx � 2j:

(b) Let ı D minf1; 2�g and suppose that0 < jx � 2j < ı. Then by part (a) we have
ˇ̌
ˇ̌ 1
x

� 1

2

ˇ̌
ˇ̌ < 1

2
jx � 2j < 1

2
ı <

1

2
� 2� D �:

(c) Chooseı D 0:02. Then

ˇ̌
ˇ̌ 1
x

� 1

2

ˇ̌
ˇ̌ < 1

2
ı D 0:01 by part (b).

(d) Let � > 0 be given. Then whenever0 < jx � 2j < ı D minf1; 2�g, we have
ˇ̌
ˇ̌ 1
x

� 1

2

ˇ̌
ˇ̌ < 1

2
ı � �:

Since� was arbitrary, we conclude that lim
x!2

1

x
D 1

2
.

14. Consider lim
x!1

p
x C 3.

(a) Show thatj
p
x C 3� 2j < 1

2 jx � 1j if jx � 1j < 4. Hint: Multiply the inequality byj
p
x C 3C 2j and observe thatj

p
x C 3C

2j > 2.
(b) Find ı > 0 such thatj

p
x C 3 � 2j < 10�4 for 0 < jx � 1j < ı.

(c) Prove rigorously that the limit is equal to 2.
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SOLUTION

(a) jx � 1j < 4 implies that�3 < x < 5. Sincex > �3, then
p
x C 3 is defined (and positive), whence

ˇ̌p
x C 3 � 2

ˇ̌
D
ˇ̌
ˇ̌
ˇ

�p
x C 3 � 2

�

1

�p
x C 3C 2

�
�p
x C 3C 2

�
ˇ̌
ˇ̌
ˇ D jx � 1jp

x C 3C 2
<

jx � 1j
2

:

(b) Chooseı D 0:0002. Then provided0 < jx � 1j < ı, we havex > �3 and therefore

ˇ̌p
x C 3 � 2

ˇ̌
<

jx � 1j
2

<
ı

2
D 0:0001

by part (a).

(c) Let � > 0 be given. Then whenever0 < jx � 1j < ı D minf2�, 4g, we havex > �3 and thus

ˇ̌p
x C 3 � 2

ˇ̌
D
ˇ̌
ˇ̌
ˇ

�p
x C 3 � 2

�

1

�p
x C 3C 2

�
�p
x C 3C 2

�
ˇ̌
ˇ̌
ˇ D jx � 1jp

x C 3C 2
<
2�

2
D �:

Since� was arbitrary, we conclude that lim
x!1

p
x C 3 D 2.

15. Let f .x/ D sinx. Using a calculator, we find:

f
��
4

� 0:1
�

� 0:633; f
��
4

�
� 0:707; f

��
4

C 0:1
�

� 0:774

Use these values and the fact thatf .x/ is increasing on
�
0; �2

�
to justify the statement

ˇ̌
ˇf .x/� f

��
4

�ˇ̌
ˇ < 0:08 if 0 <

ˇ̌
ˇx � �

4

ˇ̌
ˇ < 0:1

Then draw a figure like Figure 3 to illustrate this statement.

SOLUTION Sincef .x/ is increasing on the interval, the threef .x/ values tell us that0:633 � f .x/ � 0:774 for all x between
�
4 � 0:1 and �

4 C 0:1. We may subtractf .�4 / from the inequality forf .x/. This show that, for�4 � 0:1 < x < �
4 C 0:1,

0:633 � f .�4 / � f .x/� f .�4 / � 0:774 � f .�4 /. This means that, if0 < jx � �
4 j < 0:1, then0:633 � 0:707 � f .x/� f .�4 / �

0:774 � 0:707, so�0:074 � f .x/� f .�4 / � 0:067. Then�0:08 < f .x/� f .�4 / < 0:08 follows from this, so0 < jx � �
4 j < 0:1

implies jf .x/� f .�4 /j < 0:08. The figure below illustrates this.

0.25 0.5 0.75 1 1.25 1.5

1

0.8

0.6

0.4

0.2

x

y

16. Adapt the argument in Example 1 to prove rigorously that lim
x!c

.ax C b/ D ac C b, wherea, b, c are arbitrary.

SOLUTION jf .x/� .ac C b/j D j.ax C b/ � .ac C b/j D ja.x � c/j D jaj jx � cj. This says the gap isjaj times as large as
jx � cj. Let � > 0. Let ı D �=jaj. If jx � cj < ı, we getjf .x/� .ac C b/j D jaj jx � cj < jaj�=jaj D �, which is what we had to
prove.

17. Adapt the argument in Example 2 to prove rigorously that lim
x!c

x2 D c2 for all c.

SOLUTION To relate the gap tojx � cj, we take
ˇ̌
ˇx2 � c2

ˇ̌
ˇ D j.x C c/.x � c/j D jx C cj jx � cj :

We chooseı in two steps. First, since we are requiringjx � cj to be small, we requireı < jcj, so thatx lies between0 and2c. This

means thatjx C cj < 3jcj, sojx � cjjx C cj < 3jcjı. Next, we require thatı <
�

3jcj , so

jx � cjjx C cj < �

3jcj3jcj D �;

and we are done.
Therefore, given� > 0, we let

ı D min

�
jcj; �

3jcj

�
:



S E C T I O N 2.9 The Formal Definition of a Limit 163

Then, forjx � cj < ı, we have

jx2 � c2j D jx � cj jx C cj < 3jcjı < 3jcj �

3jcj D �:

18. Adapt the argument in Example 3 to prove rigorously that lim
x!c

x�1 D 1
c for all c ¤ 0.

SOLUTION Suppose thatc ¤ 0. To relate the gap tojx � cj, we find:

ˇ̌
ˇ̌x�1 � 1

c

ˇ̌
ˇ̌ D

ˇ̌
ˇ c � x
cx

ˇ̌
ˇ D jx � cj

jcxj

Sincejx � cj is required to be small, we may assume from the outset thatjx � cj < jcj=2, so thatx is betweenjcj=2 and3jcj=2.
This forcesjcxj > jcj=2, from which

jx � cj
jcxj <

2

jcj jx � cj:

If ı < �. jcj
2 /,

ˇ̌
ˇ̌x�1 � 1

c

ˇ̌
ˇ̌ < 2

jcj jx � cj < 2

jcj
jcj
2
� D �:

Therefore, given� > 0 we let

ı D min

� jcj
2
; �

� jcj
2

��
:

We have shown thatjx�1 � 1
c j < � if 0 < jx � cj < ı.

In Exercises 19–24, use the formal definition of the limit to prove the statement rigorously.

19. lim
x!4

p
x D 2

SOLUTION Let � > 0 be given. We boundj
p
x � 2j by multiplying

p
x C 2p
x C 2

.

j
p
x � 2j D

ˇ̌
ˇ̌px � 2

�p
x C 2p
x C 2

�ˇ̌
ˇ̌ D

ˇ̌
ˇ̌ x � 4p
x C 2

ˇ̌
ˇ̌ D jx � 4j

ˇ̌
ˇ̌ 1p
x C 2

ˇ̌
ˇ̌ :

We can assumeı < 1, so thatjx � 4j < 1, and hence
p
x C 2 >

p
3C 2 > 3. This gives us

j
p
x � 2j D jx � 4j

ˇ̌
ˇ̌ 1p
x C 2

ˇ̌
ˇ̌ < jx � 4j1

3
:

Let ı D min.1; 3�/. If jx � 4j < ı,

j
p
x � 2j D jx � 4j

ˇ̌
ˇ̌ 1p
x C 2

ˇ̌
ˇ̌ < jx � 4j1

3
< ı

1

3
< 3�

1

3
D �;

thus proving the limit rigorously.

20. lim
x!1

.3x2 C x/ D 4

SOLUTION Let � > 0 be given. We bound
ˇ̌
.3x2 C x/� 4

ˇ̌
using quadratic factoring.

ˇ̌
ˇ.3x2 C x/ � 4

ˇ̌
ˇ D

ˇ̌
ˇ3x2 C x � 4

ˇ̌
ˇ D j.3x C 4/.x � 1/j D jx � 1jj3x C 4j:

Let ı D min.1; �10 /. Sinceı < 1, we getj3x C 4j < 10, so that

ˇ̌
ˇ.3x2 C x/� 4

ˇ̌
ˇ D jx � 1jj3x C 4j < 10jx � 1j:

Sinceı < �
10 , we get

ˇ̌
ˇ.3x2 C x/� 4

ˇ̌
ˇ < 10jx � 1j < 10 �

10
D �:

21. lim
x!1

x3 D 1
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SOLUTION Let � > 0 be given. We bound
ˇ̌
x3 � 1

ˇ̌
by factoring the difference of cubes:

ˇ̌
ˇx3 � 1

ˇ̌
ˇ D

ˇ̌
ˇ.x2 C x C 1/.x � 1/

ˇ̌
ˇ D jx � 1j

ˇ̌
ˇx2 C x C 1

ˇ̌
ˇ :

Let ı D min.1; �7 /, and assumejx � 1j < ı. Sinceı < 1, 0 < x < 2. Sincex2 C x C 1 increases asx increases forx > 0,
x2 C x C 1 < 7 for 0 < x < 2, and so

ˇ̌
ˇx3 � 1

ˇ̌
ˇ D jx � 1j

ˇ̌
ˇx2 C x C 1

ˇ̌
ˇ < 7jx � 1j < 7�

7
D �

and the limit is rigorously proven.

22. lim
x!0

.x2 C x3/ D 0

SOLUTION Let � > 0 be given. Now,

j.x2 C x3/ � 0j D jxj jxj jx C 1j:

Let ı D min.1; 12 �/, and supposejxj < ı. Sinceı < 1, jxj < 1, so�1 < x < 1. This meansj1C xj < 2, so thatjxj jx C 1j < 2.
Thus,

ˇ̌
ˇ.x2 C x3/� 0

ˇ̌
ˇ D jxj jxj jx C 1j < 2jxj < 2 � 1

2
� D �:

and the limit is rigorously proven.

23. lim
x!2

x�2 D 1

4

SOLUTION Let � > 0 be given. First, we boundx�2 � 1
4 :

ˇ̌
ˇ̌x�2 � 1

4

ˇ̌
ˇ̌ D

ˇ̌
ˇ̌
ˇ
4 � x2

4x2

ˇ̌
ˇ̌
ˇ D j2 � xj

ˇ̌
ˇ̌2C x

4x2

ˇ̌
ˇ̌ :

Let ı D min.1; 45 �/, and supposejx � 2j < ı. Sinceı < 1, jx � 2j < 1, so1 < x < 3. This means that4x2 > 4 andj2C xj < 5,

so that
2C x

4x2
< 5
4 . We get:

ˇ̌
ˇ̌x�2 � 1

4

ˇ̌
ˇ̌ D j2 � xj

ˇ̌
ˇ̌2C x

4x2

ˇ̌
ˇ̌ < 5

4
jx � 2j < 5

4
� 4
5
� D �:

and the limit is rigorously proven.

24. lim
x!0

x sin
1

x
D 0

SOLUTION Let � > 0 be given. Letı D �, and assumejx � 0j D jxj < ı. We boundx sin 1x .

ˇ̌
ˇ̌x sin

1

x
� 0

ˇ̌
ˇ̌ D jxj

ˇ̌
ˇ̌sin

1

x

ˇ̌
ˇ̌ < jxj < ı D �:

25. Let f .x/ D x

jxj . Prove rigorously that lim
x!0

f .x/ does not exist.Hint: Show that for anyL, there always exists somex such

that jxj < ı but jf .x/� Lj � 1
2 , no matter how smallı is taken.

SOLUTION LetL be any real number. Letı > 0 be any small positive number. Letx D ı
2 , which satisfiesjxj < ı, andf .x/ D 1.

We consider two cases:

� (jf .x/�Lj � 1
2 ) : we are done.

� (jf .x/�Lj < 1
2 ): This means12 < L <

3
2 . In this case, letx D � ı

2 . f .x/ D �1, and so32 < L � f .x/.

In either case, there exists anx such thatjxj < ı
2 , but jf .x/�Lj � 1

2 .

26. Prove rigorously that lim
x!0

jxj D 0.

SOLUTION Let � > 0 be given and takeı D �. Then, wheneverjxj < ı,

jjxj � 0j D jxj < ı D �;

thus proving the limit rigorously.
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27. Let f .x/ D min.x; x2/, where min.a; b/ is the minimum ofa andb. Prove rigorously that lim
x!1

f .x/ D 1.

SOLUTION Let � > 0 and letı D min.1; �2 /. Then, wheneverjx � 1j < ı, it follows that0 < x < 2. If 1 < x < 2, then
min.x; x2/ D x and

jf .x/� 1j D jx � 1j < ı < �

2
< �:

On the other hand, if0 < x < 1, then min.x; x2/ D x2, jx C 1j < 2 and

jf .x/� 1j D jx2 � 1j D jx � 1j jx C 1j < 2ı < �:

Thus, wheneverjx � 1j < ı, jf .x/� 1j < �.
28. Prove rigorously that lim

x!0
sin 1x does not exist.

SOLUTION Let ı > 0 be a given small positive number, and letL be any real number. We will prove that
ˇ̌
ˇsin 1x �L

ˇ̌
ˇ � 1

2 for

somex such thatjxj < ı.
LetN > 0 be a positive integer large enough so that 2

.4NC1/� < ı. Let

x1 D 2

.4N C 1/�
;

x2 D 2

.4N C 3/�
:

x2 < x1 < ı:

sin
1

x1
D sin

.4N C 1/�

2
D 1 and sin

1

x2
D sin

.4N C 3/�

2
D �1:

If jsin 1
x1

� Lj � 1
2 , we are done. Therefore, let’s assume thatjsin 1

x1
� Lj < 1

2 . �1
2 < sin 1

x1
�L < 1

2 , soL� 1
2 < sin 1

x1
D

1 < L C 1
2 . This meansL > 1

2 , so thatjsin 1
x2

� Lj D j�1 � Lj > 3
2 . In either case, there is anx such thatjxj < ı but

jsin 1x �Lj � 1
2 , so no limitL can exist.

29. First, use the identity

sinx C siny D 2 sin

�
x C y

2

�
cos

�x � y

2

�

to verify the relation

sin.aC h/ � sina D h
sin.h=2/

h=2
cos

�
aC h

2

�
6

Then use the inequality

ˇ̌
ˇ̌sin x
x

ˇ̌
ˇ̌ � 1 for x ¤ 0 to show thatjsin.aC h/ � sinaj < jhj for all a. Finally, prove rigorously that

lim
x!a

sinx D sina.

SOLUTION We first write

sin.aC h/ � sina D sin.aC h/C sin.�a/:

Applying the identity withx D aC h, y D �a, yields:

sin.aC h/ � sina D sin.aC h/C sin.�a/ D 2 sin
�
aC h � a

2

�
cos

�
2a C h

2

�

D 2 sin
�
h

2

�
cos

�
aC h

2

�
D 2

�
h

h

�
sin
�
h

2

�
cos

�
aC h

2

�
D h

sin.h=2/

h=2
cos

�
aC h

2

�
:

Therefore,

jsin.aC h/ � sinaj D jhj
ˇ̌
ˇ̌sin.h=2/

h=2

ˇ̌
ˇ̌
ˇ̌
ˇ̌cos

�
aC h

2

�ˇ̌
ˇ̌ :

Using the fact that

ˇ̌
ˇ̌sin�

�

ˇ̌
ˇ̌ < 1 and thatjcos� j � 1, and making the substitutionh D x � a, we see that this last relation is

equivalent to

jsinx � sinaj < jx � aj:
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Now, to prove the desired limit, let� > 0, and takeı D �. If jx � aj < ı, then

jsinx � sinaj < jx � aj < ı D �;

Therefore, aı was found for arbitrary�, and the proof is complete.

Further Insights and Challenges

30. Uniqueness of the Limit Prove that a function converges to at most one limiting value. In other words, use the limit definition
to prove that if lim

x!c
f .x/ D L1 and lim

x!c
f .x/ D L2, thenL1 D L2.

SOLUTION Let � > 0 be given. Since lim
x!c

f .x/ D L1, there existsı1 such that ifjx � cj < ı1 thenjf .x/�L1j < �. Similarly,

since lim
x!c

f .x/ D L2, there existsı2 such that ifjx � cj < ı2 thenjf .x/� L2j < �. Now let jx � cj < min.ı1; ı2/ and observe

that

jL1 � L2j D jL1 � f .x/C f .x/� L2j

� jL1 � f .x/j C jf .x/� L2j

D jf .x/�L1j C jf .x/� L2j < 2�:

So,jL1 � L2j < 2� for any� > 0. We havejL1 � L2j D lim
�!0

jL1 � L2j < lim
�!0

2� D 0. Therefore,jL1 � L2j D 0 and, hence,

L1 D L2.

In Exercises 31–33, prove the statement using the formal limit definition.

31. The Constant Multiple Law [Theorem 1, part (ii) in Section 2.3, p. 77]

SOLUTION Suppose that lim
x!c

f .x/ D L. We wish to prove that lim
x!c

af .x/ D aL.

Let � > 0 be given.�=jaj is also a positive number. Since lim
x!c

f .x/ D L, we know there is aı > 0 such thatjx � cj < ı forces

jf .x/� Lj < �=jaj. Supposejx � cj < ı. jaf .x/� aLj D jajjf .x/ � aLj < jaj.�=jaj/ D �; so the rule is proven.

32. The Squeeze Theorem. (Theorem 1 in Section 2.6, p. 96)

SOLUTION Proof of the Squeeze Theorem.Suppose that (i) the inequalitiesh.x/ � f .x/ � g.x/ hold for all x near (but not
equal to)a and (ii) lim

x!a
h.x/ D lim

x!a
g.x/ D L. Let � > 0 be given.

� By (i), there exists aı1 > 0 such thath.x/ � f .x/ � g.x/ whenever0 < jx � aj < ı1.
� By (ii), there existı2 > 0 andı3 > 0 such thatjh.x/� Lj < � whenever0 < jx � aj < ı2 andjg.x/ � Lj < � whenever
0 < jx � aj < ı3.

� Chooseı D minfı1; ı2; ı3g. Then whenever0 < jx � aj < ı we haveL � � < h.x/ � f .x/ � g.x/ < L C �; i.e.,
jf .x/� Lj < �. Since� was arbitrary, we conclude that lim

x!a
f .x/ D L.

33. The Product Law [Theorem 1, part (iii) in Section 2.3, p. 77].Hint: Use the identity

f .x/g.x/� LM D .f .x/�L/ g.x/C L.g.x/�M/

SOLUTION Before we can prove the Product Law, we need to establish one preliminary result. We are given that limx!c g.x/ D
M . Consequently, if we set� D 1, then the definition of a limit guarantees the existence of aı1 > 0 such that whenever0 <
jx � cj < ı1, jg.x/ � M j < 1. Applying the inequalityjg.x/j � jM j � jg.x/ �M j, it follows that jg.x/j < 1 C jM j. In other
words, because limx!c g.x/ D M , there exists aı1 > 0 such thatjg.x/j < 1C jM j whenever0 < jx � cj < ı1.

We can now prove the Product Law. Let� > 0. As proven above, because limx!c g.x/ D M , there exists aı1 > 0 such
that jg.x/j < 1 C jM j whenever0 < jx � cj < ı1. Furthermore, by the definition of a limit, limx!c g.x/ D M implies there
exists aı2 > 0 such thatjg.x/ � M j < �

2.1CjLj/ whenever0 < jx � cj < ı2. We have included the “1C” in the denominator
to avoid division by zero in caseL D 0. The reason for including the factor of 2 in the denominator will become clear shortly.
Finally, because limx!c f .x/ D L, there exists aı3 > 0 such thatjf .x/� Lj < �

2.1CjM j/ whenever0 < jx � cj < ı3. Now, let

ı D min.ı1; ı2; ı3/. Then, for allx satisfying0 < jx � cj < ı, we have

jf .x/g.x/� LM j D j.f .x/�L/g.x/C L.g.x/�M/j

� jf .x/�Lj jg.x/j C jLj jg.x/�M j

<
�

2.1C jM j/ .1C jM j/C jLj �

2.1C jLj/

<
�

2
C �

2
D �:

Hence,

lim
x!c

f .x/g.x/D LM D lim
x!c

f .x/ � lim
x!c

g.x/:
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34. Let f .x/ D 1 if x is rational andf .x/ D 0 if x is irrational. Prove that lim
x!c

f .x/ does not exist for anyc.

SOLUTION Let c be any number, and letı > 0 be an arbitrary small number. We will prove that there is anx such thatjx � cj < ı,
but jf .x/� f .c/j > 1

2 . c must be either irrational or rational. Ifc is rational, thenf .c/ D 1. Since the irrational numbers are dense,
there is at least one irrational numberz such thatjz � cj < ı. jf .z/ � f .c/j D 1 > 1

2 , so the function is discontinuous atx D c.
On the other hand, ifc is irrational, then there is arational numberq such thatjq � cj < ı. jf .q/� f .c/j D j1 � 0j D 1 > 1

2 , so
the function is discontinuous atx D c.

35. Here is a function with strange continuity properties:

f .x/ D

8
<̂

:̂

1

q

if x is the rational numberp=q in
lowest terms

0 if x is an irrational number

(a) Show thatf .x/ is discontinuous atc if c is rational.Hint: There exist irrational numbers arbitrarily close toc.
(b) Show thatf .x/ is continuous atc if c is irrational.Hint: Let I be the intervalfx W jx � cj < 1g. Show that for anyQ > 0, I
contains at most finitely many fractionsp=q with q < Q. Conclude that there is aı such that all fractions infx W jx � cj < ıg have
a denominator larger thanQ.

SOLUTION

(a) Let c be any rational number and suppose that, in lowest terms,c D p=q, wherep andq are integers. To prove the discontinuity
of f at c, we must show there is an� > 0 such that for anyı > 0 there is anx for which jx � cj < ı, but thatjf .x/� f .c/j > �.
Let � D 1

2q and ı > 0. Since there is at least one irrational number between any two distinct real numbers, there is some irrational

x betweenc andc C ı. Hence,jx � cj < ı, but jf .x/� f .c/j D j0 � 1
q j D 1

q >
1
2q D �.

(b) Let c be irrational, let� > 0 be given, and letN > 0 be a prime integer sufficiently large so that1
N
< �. Let p1

q1
; : : : ;

pm

qm
be

all rational numberspq in lowest terms such thatjpq � cj < 1 andq < N . SinceN is finite, this is a finite list; hence, one number
pi
qi

in the list must be closest toc. Let ı D 1
2 jpi
qi

� cj. By construction,jpi
qi

� cj > ı for all i D 1 : : : m. Therefore, for any rational

numberpq such thatjpq � cj < ı, q > N , so 1q <
1
N
< �.

Therefore, for anyrational numberx such thatjx � cj < ı, jf .x/ � f .c/j < �. jf .x/ � f .c/j D 0 for any irrational number
x, sojx � cj < ı implies thatjf .x/� f .c/j < � for any numberx.

CHAPTER REVIEW EXERCISES

1. The position of a particle at timet (s) iss.t/ D
p
t2 C 1 m. Compute its average velocity overŒ2; 5� and estimate its instanta-

neous velocity att D 2.

SOLUTION Let s.t/ D
p
t2 C 1. The average velocity overŒ2; 5� is

s.5/ � s.2/
5 � 2 D

p
26 �

p
5

3
� 0:954 m/s:

From the data in the table below, we estimate that the instantaneous velocity att D 2 is approximately0:894 m/s.

interval Œ1:9; 2� Œ1:99; 2� Œ1:999; 2� Œ2; 2:001� Œ2; 2:01� Œ2; 2:1�

average ROC 0.889769 0.893978 0.894382 0.894472 0.894873 0.898727

2. The “wellhead” pricep of natural gas in the United States (in dollars per 1000 ft3) on the first day of each month in 2008 is
listed in the table below.

J F M A M J

6.99 7.55 8.29 8.94 9.81 10.82

J A S O N D

10.62 8.32 7.27 6.36 5.97 5.87

Compute the average rate of change ofp (in dollars per 1000 ft3 per month) over the quarterly periods January–March, April–June,
and July–September.

SOLUTION To determine the average rate of change in price over the first quarter, divide the difference between the April and
January prices by the three-month duration of the quarter. This yields

8:94 � 6:99
3

D 0:65 dollars per 1000 ft3 per month:
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In a similar manner, we calculate the average rates of change for the second and third quarters of the year to be

10:62 � 8:94

3
D 0:56 dollars per 1000 ft3 per month:

and

6:36 � 10:62

3
D �1:42 dollars per 1000 ft3 per month:

3. For a whole numbern, let P.n/ be the number ofpartitions of n, that is, the number of ways of writingn as a sum of one
or more whole numbers. For example,P.4/ D 5 since the number4 can be partitioned in five different ways:4, 3 C 1, 2 C 2,
2 C 1 C 1, and1 C 1 C 1 C 1. TreatingP.n/ as a continuous function, use Figure 1 to estimate the rate of change ofP.n/ at
n D 12.

n

P(n)

14121086420
0

40

80

120

160

FIGURE 1 Graph ofP.n/.

SOLUTION The tangent line drawn in the figure appears to pass through the points.15; 140/ and.10:5; 40/. We therefore estimate
that the rate of change ofP.n/ atn D 12 is

140 � 40
15 � 10:5

D 100

4:5
D 200

9
:

4. The average velocityv (m/s) of an oxygen molecule in the air at temperatureT (ıC) is v D 25:7
p
273:15 C T . What is the

average speed atT D 25ı (room temperature)? Estimate the rate of change of average velocity with respect to temperature at
T D 25ı. What are the units of this rate?

SOLUTION Let v.T / D 25:7
p
273:15C T . The average velocity atT D 25ıC is

v.25/ D 25:7
p
273:15C 25 � 443:76 m/s:

From the data in the table below, we estimate that the rate of change of velocity with respect to temperature whenT D 25ıC is
0:7442 m/s2.

interval Œ24:9; 25� Œ24:99; 25� Œ24:999; 25� Œ25; 25:001� Œ25; 25:01� Œ25; 25:1�

average ROC 0.744256 0.744199 0.744193 0.744195 0.744187 0.744131

In Exercises 5–10, estimate the limit numerically to two decimal places or state that the limit does not exist.

5. lim
x!0

1 � cos3.x/

x2

SOLUTION Let f .x/ D 1�cos3 x
x2 . The data in the table below suggests that

lim
x!0

1 � cos3 x

x2
� 1:50:

In constructing the table, we take advantage of the fact thatf is an even function.

x ˙0:001 ˙0:01 ˙0:1

f .x/ 1.500000 1.499912 1.491275

(The exact value is32 .)

6. lim
x!1

x1=.x�1/

SOLUTION Let f .x/ D x1=.x�1/. The data in the table below suggests that

lim
x!1

x1=.x�1/ � 2:72:

x 0.9 0.99 0.999 1.001 1.01 1.1

f .x/ 2.867972 2.731999 2.719642 2.716924 2.704814 2.593742

(The exact value ise.)
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7. lim
x!2

xx � 4

x2 � 4

SOLUTION Let f .x/ D xx�4
x2�4 . The data in the table below suggests that

lim
x!2

xx � 4

x2 � 4
� 1:69:

x 1.9 1.99 1.999 2.001 2.01 2.1

f .x/ 1.575461 1.680633 1.691888 1.694408 1.705836 1.828386

(The exact value is1C ln2.)

8. lim
x!2

x � 2

ln.3x � 5/

SOLUTION Let f .x/ D x�2
ln.3x�5/ . The data in the table below suggests that

lim
x!2

x � 2
ln.3x � 5/

� 0:33:

x 1.9 1.99 1.999 2.001 2.01 2.1

f .x/ 0.280367 0.328308 0.332833 0.333833 0.338309 0.381149

(The exact value is1=3.)

9. lim
x!1

�
7

1 � x7
� 3

1 � x3

�

SOLUTION Let f .x/ D
�

7
1�x7 � 3

1�x3

�
. The data in the table below suggests that

lim
x!1

�
7

1 � x7
� 3

1 � x3

�
� 2:00:

x 0.9 0.99 0.999 1.001 1.01 1.1

f .x/ 2.347483 2.033498 2.003335 1.996668 1.966835 1.685059

(The exact value is2.)

10. lim
x!2

3x � 9
5x � 25

SOLUTION Let f .x/ D 3x�9
5x�25 . The data in the table below suggests that

lim
x!2

3x � 9

5x � 25
� 0:246:

x 1.9 1.99 1.999 2.001 2.01 2.1

f .x/ 0.251950 0.246365 0.245801 0.245675 0.245110 0.239403

(The exact value is925
ln3
ln5 .)

In Exercises 11–50, evaluate the limit if it exists. If not, determine whether the one-sided limits exist (finite or infinite).

11. lim
x!4

.3C x1=2/

SOLUTION lim
x!4

.3C x1=2/ D 3C
p
4 D 5.

12. lim
x!1

5� x2

4x C 7

SOLUTION lim
x!1

5 � x2
4x C 7

D 5 � 12

4.1/C 7
D 4

11
.

13. lim
x!�2

4

x3
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SOLUTION lim
x!�2

4

x3
D 4

.�2/3
D �1

2
.

14. lim
x!�1

3x2 C 4x C 1

x C 1

SOLUTION lim
x!�1

3x2 C 4x C 1

x C 1
D lim
x!�1

.3x C 1/.x C 1/

x C 1
D lim
x!�1

.3x C 1/ D 3.�1/C 1 D �2.

15. lim
t!9

p
t � 3

t � 9

SOLUTION lim
t!9

p
t � 3

t � 9
D lim
t!9

p
t � 3

.
p
t � 3/.

p
t C 3/

D lim
t!9

1p
t C 3

D 1p
9C 3

D 1

6
.

16. lim
x!3

p
x C 1 � 2

x � 3

SOLUTION

lim
x!3

p
x C 1 � 2

x � 3
D lim
x!3

p
x C 1 � 2

x � 3
�

p
x C 1C 2p
x C 1C 2

D lim
x!3

.x C 1/ � 4

.x � 3/.
p
x C 1C 2/

D lim
x!3

1p
x C 1C 2

D 1p
3C 1C 2

D 1

4
:

17. lim
x!1

x3 � x

x � 1

SOLUTION lim
x!1

x3 � x
x � 1

D lim
x!1

x.x � 1/.x C 1/

x � 1 D lim
x!1

x.x C 1/ D 1.1C 1/ D 2.

18. lim
h!0

2.a C h/2 � 2a2
h

SOLUTION

lim
h!0

2.a C h/2 � 2a2
h

D lim
h!0

2a2 C 4ahC 2h2 � 2a2

h
D lim
h!0

h.4a C 2h/

h
D lim
h!0

.4a C 2h/ D 4aC 2.0/ D 4a:

19. lim
t!9

t � 6p
t � 3

SOLUTION Because the one-sided limits

lim
t!9�

t � 6p
t � 3

D �1 and lim
t!9C

t � 6p
t � 3

D 1;

are not equal, the two-sided limit

lim
t!9

t � 6p
t � 3

does not exist.

20. lim
s!0

1 �
p
s2 C 1

s2

SOLUTION

lim
s!0

1 �
p
s2 C 1

s2
D lim
s!0

1 �
p
s2 C 1

s2
� 1C

p
s2 C 1

1C
p
s2 C 1

D lim
s!0

1 � .s2 C 1/

s2.1C
p
s2 C 1/

D lim
s!0

�1
1C

p
s2 C 1

D �1
1C

p
02 C 1

D �1
2
:

21. lim
x!�1C

1

x C 1

SOLUTION Forx > �1, x C 1 > 0. Therefore,

lim
x!�1C

1

x C 1
D 1:

22. lim
y! 1

3

3y2 C 5y � 2

6y2 � 5y C 1
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SOLUTION

lim
y! 1

3

3y2 C 5y � 2

6y2 � 5y C 1
D lim
y! 1

3

.3y � 1/.y C 2/

.3y � 1/.2y � 1/ D lim
y! 1

3

y C 2

2y � 1 D �7:

23. lim
x!1

x3 � 2x

x � 1
SOLUTION Because the one-sided limits

lim
x!1�

x3 � 2x

x � 1
D 1 and lim

x!1C
x3 � 2x

x � 1
D �1;

are not equal, the two-sided limit

lim
x!1

x3 � 2x
x � 1

does not exist.

24. lim
a!b

a2 � 3ab C 2b2

a � b

SOLUTION lim
a!b

a2 � 3ab C 2b2

a � b D lim
a!b

.a � b/.a � 2b/

a � b
D lim
a!b

.a � 2b/ D b � 2b D �b.

25. lim
x!0

e3x � ex
ex � 1

SOLUTION

lim
x!0

e3x � ex

ex � 1 D lim
x!0

ex.ex � 1/.ex C 1/

ex � 1 D lim
x!0

ex.ex C 1/ D 1 � 2 D 2:

26. lim
�!0

sin5�

�

SOLUTION

lim
�!0

sin5�

�
D 5 lim

�!0

sin5�

5�
D 5.1/ D 5:

27. lim
x!1:5

Œx�

x

SOLUTION lim
x!1:5

Œx�

x
D Œ1:5�

1:5
D 1

1:5
D 2

3
.

28. lim
�! �

4

sec�

SOLUTION

lim
�! �

4

sec� D sec
�

4
D

p
2:

29. lim
z!�3

z C 3

z2 C 4z C 3

SOLUTION

lim
z!�3

z C 3

z2 C 4z C 3
D lim
z!�3

z C 3

.z C 3/.z C 1/
D lim
z!�3

1

z C 1
D �1

2
:

30. lim
x!1

x3 � ax2 C ax � 1

x � 1

SOLUTION Using

x3 � ax2 C ax � 1 D .x � 1/.x2 C x C 1/ � ax.x � 1/ D .x � 1/.x2 C x � ax C 1/

we find

lim
x!1

x3 � ax2 C ax � 1

x � 1
D lim
x!1

.x � 1/.x2 C x � ax C 1/

x � 1
D lim
x!1

.x2 C x � ax C 1/

D 12 C 1 � a.1/C 1 D 3 � a:
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31. lim
x!b

x3 � b3

x � b

SOLUTION lim
x!b

x3 � b3

x � b
D lim
x!b

.x � b/.x2 C xb C b2/

x � b
D lim
x!b

.x2 C xb C b2/ D b2 C b.b/C b2 D 3b2.

32. lim
x!0

sin4x

sin3x

SOLUTION

lim
x!0

sin4x

sin3x
D 4

3
lim
x!0

sin4x

4x
� 3x

sin3x
D 4

3
lim
x!0

sin4x

4x
� lim
x!0

3x

sin3x
D 4

3
.1/.1/ D 4

3
:

33. lim
x!0

�
1

3x
� 1

x.x C 3/

�

SOLUTION lim
x!0

�
1

3x
� 1

x.x C 3/

�
D lim
x!0

.x C 3/ � 3
3x.x C 3/

D lim
x!0

1

3.x C 3/
D 1

3.0C 3/
D 1

9
.

34. lim
�! 1

4

3tan.��/

SOLUTION

lim
�! 1

4

3tan.��/ D 3tan.�=4/ D 31 D 3:

35. lim
x!0�

Œx�

x

SOLUTION Forx sufficiently close to zero but negative,Œx� D �1. Therefore,

lim
x!0�

Œx�

x
D lim
x!0�

�1
x

D 1:

36. lim
x!0C

Œx�

x

SOLUTION Forx sufficiently close to zero but positive,Œx� D 0. Therefore,

lim
x!0C

Œx�

x
D lim
x!0C

0

x
D 0:

37. lim
�! �

2

� sec�

SOLUTION Because the one-sided limits

lim
�! �

2
�
� sec� D 1 and lim

�! �
2

C
� sec� D �1

are not equal, the two-sided limit

lim
�! �

2

� sec� does not exist.

38. lim
y!2

ln
�

sin
�

y

�

SOLUTION

lim
y!2

ln

�
sin

�

y

�
D ln

�
sin

�

2

�
D ln1 D 0:

39. lim
�!0

cos� � 2

�

SOLUTION Because the one-sided limits

lim
�!0�

cos� � 2

�
D 1 and lim

�!0C
cos� � 2

�
D �1

are not equal, the two-sided limit

lim
�!0

cos� � 2

�
does not exist.
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40. lim
x!4:3

1

x � Œx�

SOLUTION lim
x!4:3

1

x � Œx�
D 1

4:3 � Œ4:3�
D 1

0:3
D 10

3
.

41. lim
x!2�

x � 3

x � 2

SOLUTION Forx close to 2 but less than 2,x � 3 < 0 andx � 2 < 0. Therefore,

lim
x!2�

x � 3
x � 2 D 1:

42. lim
t!0

sin2 t

t3

SOLUTION Note that

sin2 t

t3
D sin t

t
� sin t

t
� 1
t
:

As t ! 0, each factor ofsint
t approaches 1; however, the factor1t tends to�1 as t ! 0� and tends to1 as t ! 0C.

Consequently,

lim
t!0�

sin2 t

t3
D �1; lim

t!0C
sin2 t

t3
D 1

and

lim
t!0

sin2 t

t3
does not exist:

43. lim
x!1C

�
1p
x � 1

� 1p
x2 � 1

�

SOLUTION lim
x!1C

�
1p
x � 1

� 1p
x2 � 1

�
D lim
x!1C

p
x C 1 � 1p
x2 � 1

D 1.

44. lim
t!e

p
t.ln t � 1/

SOLUTION

lim
t!e

p
t.ln t � 1/ D lim

t!e

p
t � lim
t!e

.ln t � 1/ D
p
e.lne � 1/ D 0:

45. lim
x! �

2

tanx

SOLUTION Because the one-sided limits

lim
x! �

2
�

tanx D 1 and lim
x! �

2
C

tanx D �1

are not equal, the two-sided limit

lim
x! �

2

tanx does not exist.

46. lim
t!0

cos
1

t

SOLUTION As t ! 0, 1t grows without bound and cos.1t / oscillates faster and faster. Consequently,

lim
t!0

cos
�
1

t

�
does not exist:

The same is true for both one-sided limits.

47. lim
t!0C

p
t cos

1

t
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SOLUTION For t > 0,

�1 � cos

�
1

t

�
� 1;

so

�
p
t �

p
t cos

�
1

t

�
�

p
t :

Because

lim
t!0C

�
p
t D lim

t!0C

p
t D 0;

it follows from the Squeeze Theorem that

lim
t!0C

p
t cos

�
1

t

�
D 0:

48. lim
x!5C

x2 � 24

x2 � 25

SOLUTION Forx close to 5 but larger than 5,x2 � 24 > 0 andx2 � 25 > 0. Therefore,

lim
x!5C

x2 � 24

x2 � 25
D 1:

49. lim
x!0

cosx � 1

sinx

SOLUTION

lim
x!0

cosx � 1

sinx
D lim
x!0

cosx � 1
sinx

� cosx C 1

cosx C 1
D lim
x!0

� sin2 x

sinx.cosx C 1/
D � lim

x!0

sinx

cosx C 1
D � 0

1C 1
D 0:

50. lim
�!0

tan� � sin�

sin3 �

SOLUTION

lim
�!0

tan� � sin�

sin3 �
D lim
�!0

sec� � 1
sin2 �

D lim
�!0

sec� � 1

sin2 �
� sec� C 1

sec� C 1
D lim
�!0

tan2 �

sin2 �.sec� C 1/

D lim
�!0

sec2 �

sec� C 1
D 1

1C 1
D 1

2
:

51. Find the left- and right-hand limits of the functionf .x/ in Figure 2 atx D 0; 2; 4. State whetherf .x/ is left- or right-continuous
(or both) at these points.

x

y

1 3 52 4

1

2

FIGURE 2

SOLUTION According to the graph off .x/,

lim
x!0�

f .x/ D lim
x!0C

f .x/ D 1

lim
x!2�

f .x/ D lim
x!2C

f .x/ D 1

lim
x!4�

f .x/ D �1

lim
x!4C

f .x/ D 1:

The function is both left- and right-continuous atx D 0 and neither left- nor right-continuous atx D 2 andx D 4.
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52. Sketch the graph of a functionf .x/ such that

(a) lim
x!2�

f .x/ D 1; lim
x!2C

f .x/ D 3

(b) lim
x!4

f .x/ exists but does not equalf .4/.

SOLUTION

2

1

3

4

1 2 3 4 5 6

y

x

53. Graphh.x/ and describe the discontinuity:

h.x/ D
(
ex for x � 0

lnx for x > 0

Is h.x/ left- or right-continuous?

SOLUTION The graph ofh.x/ is shown below. Atx D 0, the function has an infinite discontinuity but is left-continuous.

–4 –2 2 4

–1

1

54. Sketch the graph of a functiong.x/ such that

lim
x!�3�

g.x/ D 1; lim
x!�3C

g.x/ D �1; lim
x!4

g.x/ D 1

SOLUTION

x

y

10

5

−5

−10

−2 2 4 6−4

55. Find the points of discontinuity of

g.x/ D

8
<̂

:̂

cos
��x
2

�
for jxj < 1

jx � 1j for jxj � 1

Determine the type of discontinuity and whetherg.x/ is left- or right-continuous.

SOLUTION First note that cos
�
�x
2

�
is continuous for�1 < x < 1 and thatjx � 1j is continuous forx � �1 and forx � 1.

Thus, the only points at whichg.x/might be discontinuous arex D ˙1. At x D 1, we have

lim
x!1�

g.x/ D lim
x!1�

cos
��x
2

�
D cos

��
2

�
D 0

and

lim
x!1C

g.x/ D lim
x!1C

jx � 1j D j1 � 1j D 0;
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so g.x/ is continuous atx D 1. On the other hand, atx D �1,

lim
x!�1C

g.x/ D lim
x!�1C

cos
��x
2

�
D cos

�
��
2

�
D 0

and

lim
x!�1�

g.x/ D lim
x!�1�

jx � 1j D j � 1 � 1j D 2;

sog.x/ has a jump discontinuity atx D �1. Sinceg.�1/ D 2, g.x/ is left-continuous atx D �1.
56. Show thatf .x/ D xesinx is continuous on its domain.

SOLUTION Becauseex and sinx are continuous for all real numbers, their composition,esinx is continuous for all real numbers.
Moreover,x is continuous for all real numbers, so the productxesinx is continuous for all real numbers. Thus,f .x/ D xesinx is
continuous for all real numbers.

57. Find a constantb such thath.x/ is continuous atx D 2, where

h.x/ D
(
x C 1 for jxj < 2
b � x2 for jxj � 2

With this choice ofb, find all points of discontinuity.

SOLUTION To makeh.x/ continuous atx D 2, we must have the two one-sided limits asx approaches 2 be equal. With

lim
x!2�

h.x/ D lim
x!2�

.x C 1/ D 2C 1 D 3

and

lim
x!2C

h.x/ D lim
x!2C

.b � x2/ D b � 4;

it follows that we must chooseb D 7. Becausex C 1 is continuous for�2 < x < 2 and7 � x2 is continuous forx � �2 and for
x � 2, the only possible point of discontinuity isx D �2. At x D �2,

lim
x!�2C

h.x/ D lim
x!�2C

.x C 1/ D �2C 1 D �1

and

lim
x!�2�

h.x/ D lim
x!�2�

.7 � x2/ D 7 � .�2/2 D 3;

soh.x/ has a jump discontinuity atx D �2.

In Exercises 58–63, find the horizontal asymptotes of the function by computing the limits at infinity.

58. f .x/ D 9x2 � 4

2x2 � x
SOLUTION Because

lim
x!1

9x2 � 4

2x2 � x
D lim
x!1

9 � 4=x2

2 � 1=x D 9

2

and

lim
x!�1

9x2 � 4

2x2 � x
D lim
x!�1

9 � 4=x2

2 � 1=x D 9

2
;

it follows that the graph ofy D 9x2 � 4

2x2 � x
has a horizontal asymptote of92 .

59. f .x/ D x2 � 3x4

x � 1
SOLUTION Because

lim
x!1

x2 � 3x4

x � 1
D lim
x!1

1=x2 � 3

1=x3 � 1=x4
D �1

and

lim
x!�1

x2 � 3x4
x � 1

D lim
x!�1

1=x2 � 3

1=x3 � 1=x4
D 1;

it follows that the graph ofy D x2 � 3x4

x � 1
does not have any horizontal asymptotes.
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60. f .u/ D 8u � 3p
16u2 C 6

SOLUTION Because

lim
u!1

8u � 3p
16u2 C 6

D lim
u!1

8� 3=up
16C 6=u2

D 8p
16

D 2

and

lim
u!�1

8u � 3p
16u2 C 6

D lim
u!�1

8 � 3=u
�
p
16C 6=u2

D 8

�
p
16

D �2;

it follows that the graph ofy D 8u � 3p
16u2 C 6

has horizontal asymptotes ofy D ˙2.

61. f .u/ D 2u2 � 1p
6C u4

SOLUTION Because

lim
u!1

2u2 � 1p
6C u4

D lim
u!1

2 � 1=u2p
6=u4 C 1

D 2p
1

D 2

and

lim
u!�1

2u2 � 1p
6C u4

D lim
u!�1

2 � 1=u2p
6=u4 C 1

D 2p
1

D 2;

it follows that the graph ofy D 2u2 � 1p
6C u4

has a horizontal asymptote ofy D 2.

62. f .x/ D 3x2=3 C 9x3=7

7x4=5 � 4x�1=3

SOLUTION Because

lim
x!1

3x2=3 C 9x3=7

7x4=5 � 4x�1=3 D lim
x!1

3x�2=15 C 9x�13=35

7 � x�17=15 D 0

and

lim
x!�1

3x2=3 C 9x3=7

7x4=5 � 4x�1=3 D lim
x!�1

3x�2=15 C 9x�13=35

7 � x�17=15 D 0;

it follows that the graph ofy D 3x2=3 C 9x3=7

7x4=5 � 4x�1=3 has a horizontal asymptote ofy D 0.

63. f .t/ D t1=3 � t�1=3

.t � t�1/1=3

SOLUTION Because

lim
t!1

t1=3 � t�1=3

.t � t�1/1=3
D lim
t!1

1 � t�2=3

.1� t�2/1=3
D 1

11=3
D 1

and

lim
t!�1

t1=3 � t�1=3

.t � t�1/1=3
D lim
t!�1

1 � t�2=3

.1 � t�2/1=3
D 1

11=3
D 1;

it follows that the graph ofy D t1=3 � t�1=3

.t � t�1/1=3
has a horizontal asymptote ofy D 1.

64. Calculate (a)–(d), assuming that

lim
x!3

f .x/ D 6; lim
x!3

g.x/ D 4

(a) lim
x!3

.f .x/� 2g.x// (b) lim
x!3

x2f .x/

(c) lim
x!3

f .x/

g.x/C x
(d) lim

x!3
.2g.x/3 � g.x/3=2/
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SOLUTION

(a) lim
x!3

.f .x/� 2g.x// D lim
x!3

f .x/� 2 lim
x!3

g.x/ D 6 � 2.4/ D �2.

(b) lim
x!3

x2f .x/ D lim
x!3

x2 � lim
x!3

f .x/ D 32 � 6 D 54.

(c) lim
x!3

f .x/

g.x/C x
D limx!3 f .x/

limx!3.g.x/C x/
D 6

limx!3 g.x/C limx!3 x
D 6

4C 3
D 6

7
.

(d) lim
x!3

.2g.x/3 � g.x/3=2/ D 2

�
lim
x!3

g.x/

�3
�
�

lim
x!3

g.x/

�3=2
D 2.4/3 � 43=2 D 120.

65. Assume that the following limits exist:

A D lim
x!a

f .x/; B D lim
x!a

g.x/; L D lim
x!a

f .x/

g.x/

Prove that ifL D 1, thenA D B. Hint: You cannot use the Quotient Law ifB D 0, so apply the Product Law toL andB instead.

SOLUTION Suppose the limitsA, B, andL all exist andL D 1. Then

B D B � 1 D B � L D lim
x!a

g.x/ � lim
x!a

f .x/

g.x/
D lim
x!a

g.x/
f .x/

g.x/
D lim
x!a

f .x/ D A:

66. Defineg.t/ D .1C 21=t /�1 for t ¤ 0. How shouldg.0/ be defined to makeg.t/ left-continuous att D 0?

SOLUTION Because

lim
t!0�

.1C 21=t /�1 D
�

lim
t!0�

.1C 21=t /

��1
D 1�1 D 1;

we should defineg.0/ D 1 to makeg.t/ left-continuous att D 0.

67. In the notation of Exercise 65, give an example whereL exists but neitherA norB exists.

SOLUTION Suppose

f .x/ D 1

.x � a/3
and g.x/ D 1

.x � a/5
:

Then, neitherA norB exists, but

L D lim
x!a

.x � a/�3

.x � a/�5
D lim
x!a

.x � a/2 D 0:

68. True or false?
(a) If lim

x!3
f .x/ exists, then lim

x!3
f .x/ D f .3/.

(b) If lim
x!0

f .x/

x
D 1, thenf .0/ D 0.

(c) If lim
x!�7

f .x/ D 8, then lim
x!�7

1

f .x/
D 1

8
.

(d) If lim
x!5C

f .x/ D 4 and lim
x!5�

f .x/ D 8, then lim
x!5

f .x/ D 6.

(e) If lim
x!0

f .x/

x
D 1, then lim

x!0
f .x/ D 0:

(f) If lim
x!5

f .x/ D 2, then lim
x!5

f .x/3 D 8.

SOLUTION

(a) False. The limit lim
x!3

f .x/may exist and need not equalf .3/. The limit is equal tof .3/ if f .x/ is continuous atx D 3.

(b) False. The value of the limit lim
x!0

f .x/

x
D 1 does not depend on the valuef .0/, sof .0/ can have any value.

(c) True, by the Limit Laws.
(d) False. If the two one-sided limits are not equal, then the two-sided limit does not exist.

(e) True. Apply the Product Law to the functions
f .x/

x
andx.

(f) True, by the Limit Laws.

69. Let f .x/ D x
h
1
x

i
, whereŒx� is the greatest integer function. Show that forx ¤ 0,

1

x
� 1 <

�
1

x

�
� 1

x

Then use the Squeeze Theorem to prove that

lim
x!0

x

�
1

x

�
D 1

Hint: Treat the one-sided limits separately.
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SOLUTION Let y be any real number. From the definition of the greatest integer function, it follows thaty � 1 < Œy� � y, with

equality holding if and only ify is an integer. Ifx ¤ 0, then 1x is a real number, so

1

x
� 1 <

�
1

x

�
� 1

x
:

Upon multiplying this inequality through byx, we find

1 � x < x

�
1

x

�
� 1:

Because

lim
x!0

.1 � x/ D lim
x!0

1 D 1;

it follows from the Squeeze Theorem that

lim
x!0

x

�
1

x

�
D 1:

70. Let r1 andr2 be the roots off .x/ D ax2 � 2x C 20. Observe thatf .x/ “approaches” the linear functionL.x/ D �2x C 20

asa ! 0. Becauser D 10 is the unique root ofL.x/, we might expect one of the roots off .x/ to approach10 asa ! 0 (Figure
3). Prove that the roots can be labeled so that lim

a!0
r1 D 10 and lim

a!0
r2 D 1.

x

y

100 200

Root tending to ∞
as a → 0

Root
near 10

300 400

200

−200
y = −2x + 20

a = 0.002
a = 0.008

FIGURE 3 Graphs off .x/ D ax2 � 2x C 20.

SOLUTION Using the quadratic formula, we find that the roots of the quadratic polynomialf .x/ D ax2 � 2x C 20 are

2˙
p
4 � 80a
2a

D 1˙
p
1 � 20a
a

D 20

1˙
p
1 � 20a

:

Now let

r1 D 20

1C
p
1� 20a

and r2 D 20

1 �
p
1 � 20a

:

It is straightforward to calculate that

lim
a!0

r1 D lim
a!0

20

1C
p
1 � 20a

D 20

2
D 10

and that

lim
a!0

r2 D lim
a!0

20

1 �
p
1 � 20a

D 1

as desired.

71. Use the IVT to prove that the curvesy D x2 andy D cosx intersect.

SOLUTION Let f .x/ D x2 � cosx. Note that any root off .x/ corresponds to a point of intersection between the curvesy D x2

andy D cosx. Now, f .x/ is continuous over the intervalŒ0; �2 �, f .0/ D �1 < 0 andf .�2 / D �2

4 > 0. Therefore, by the
Intermediate Value Theorem, there exists ac 2 .0; �2 / such thatf .c/ D 0; consequently, the curvesy D x2 andy D cosx
intersect.

72. Use the IVT to prove thatf .x/ D x3 � x2 C 2

cosx C 2
has a root in the intervalŒ0; 2�.

SOLUTION Let f .x/ D x3 � x2C2
cosxC2 . Because cosx C 2 is never zero,f .x/ is continuous for all real numbers. Because

f .0/ D �2
3
< 0 and f .2/ D 8 � 6

cos2C 2
� 4:21 > 0;

the Intermediate Value Theorem guarantees there exists ac 2 .0; 2/ such thatf .c/ D 0.
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73. Use the IVT to show thate�x2 D x has a solution on.0; 1/.

SOLUTION Letf .x/ D e�x2 � x. Observe thatf is continuous onŒ0; 1�with f .0/ D e0 � 0 D 1 > 0 andf .1/ D e�1 � 1 < 0.
Therefore, the IVT guarantees there exists ac 2 .0; 1/ such thatf .c/ D e�c2 � c D 0.

74. Use the Bisection Method to locate a solution ofx2 � 7 D 0 to two decimal places.

SOLUTION Let f .x/ D x2 � 7. By trial and error, we find thatf .2:6/ D �0:24 < 0 andf .2:7/ D 0:29 > 0. Becausef .x/
is continuous onŒ2:6; 2:7�, it follows from the Intermediate Value Theorem thatf .x/ has a root on.2:6; 2:7/. We approximate the
root by the midpoint of the interval:x D 2:65. Now,f .2:65/ D 0:0225 > 0. Becausef .2:6/ andf .2:65/ are of opposite sign, the
root must lie on.2:6; 2:65/. The midpoint of this interval isx D 2:625 andf .2:625/ < 0; hence, the root must be on the interval
.2:625; 2:65/. Continuing in this fashion, we construct the following sequence of intervals and midpoints.

interval midpoint

.2:625; 2:65/ 2.6375
.2:6375; 2:65/ 2.64375
.2:64375; 2:65/ 2.646875

.2:64375; 2:646875/ 2.6453125
.2:6453125; 2:646875/ 2.64609375

At this point, we note that, to two decimal places, one root ofx2 � 7 D 0 is 2.65.

75. Give an example of a (discontinuous) function that does not satisfy the conclusion of the IVT onŒ�1; 1�. Then show
that the function

f .x/ D

8
<
:

sin
1

x
x ¤ 0

0 x D 0

satisfies the conclusion of the IVT on every intervalŒ�a; a�, even thoughf is discontinuous atx D 0.

SOLUTION Let g.x/ D Œx�. This function is discontinuous onŒ�1; 1� with g.�1/ D �1 andg.1/ D 1. For allc ¤ 0, there is no
x such thatg.x/ D c; thus,g.x/ does not satisfy the conclusion of the Intermediate Value Theorem onŒ�1; 1�.

Now, let

f .x/ D
(

sin
�
1
x

�
for x ¤ 0

0 for x D 0

and leta > 0. On the interval

x 2
�

a

2C 2�a
;
a

2

�
� Œ�a; a�;

1
x runs from2

a to 2
a C 2�, so the sine function covers one full period and clearly takes on every value from� sina through sina.

76. Let f .x/ D 1

x C 2
.

(a) Show that
ˇ̌
ˇf .x/� 1

4

ˇ̌
ˇ < jx � 2j

12
if jx � 2j < 1. Hint: Observe thatj4.x C 2/j > 12 if jx � 2j < 1.

(b) Find ı > 0 such that
ˇ̌
ˇf .x/� 1

4

ˇ̌
ˇ < 0:01 for jx � 2j < ı.

(c) Prove rigorously that lim
x!2

f .x/ D 1
4 .

SOLUTION

(a) Let f .x/ D 1
xC2 . Then

ˇ̌
ˇ̌f .x/� 1

4

ˇ̌
ˇ̌ D

ˇ̌
ˇ̌ 1

x C 2
� 1

4

ˇ̌
ˇ̌ D

ˇ̌
ˇ̌4 � .x C 2/

4.x C 2/

ˇ̌
ˇ̌ D jx � 2j

j4.x C 2/j :

If jx � 2j < 1, then1 < x < 3, so3 < x C 2 < 5 and12 < 4.x C 2/ < 20. Hence,

1

j4.x C 2/j <
1

12
and

ˇ̌
ˇ̌f .x/� 1

4

ˇ̌
ˇ̌ < jx � 2j

12
:

(b) If jx � 2j < ı, then by part (a),
ˇ̌
ˇ̌f .x/� 1

4

ˇ̌
ˇ̌ < ı

12
:

Choosingı D 0:12 will then guarantee thatjf .x/� 1
4 j < 0:01.
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(c) Let � > 0 and takeı D minf1; 12�g. Then, wheneverjx � 2j < ı,
ˇ̌
ˇ̌f .x/� 1

4

ˇ̌
ˇ̌ D

ˇ̌
ˇ̌ 1

x C 2
� 1

4

ˇ̌
ˇ̌ D j2 � xj

4jx C 2j � jx � 2j
12

<
ı

12
D �:

77. Plot the functionf .x/ D x1=3. Use the zoom feature to find aı > 0 such thatjx1=3 � 2j < 0:05 for jx � 8j < ı.

SOLUTION The graphs ofy D f .x/ D x1=3 and the horizontal linesy D 1:95 andy D 2:05 are shown below. From this plot,

we see thatı D 0:55 guarantees thatjx1=3 � 2j < 0:05 wheneverjx � 8j < ı.

7 7.5 8 8.5

1.95

1.9

2

2.05

x

y

78. Use the fact thatf .x/ D 2x is increasing to find a value ofı such thatj2x � 8j < 0:001 if jx � 2j < ı. Hint: Find c1 andc2
such that7:999 < f .c1/ < f .c2/ < 8:001.

SOLUTION From the graph below, we see that

7:999 < f .2:99985/ < f .3:00015/ < 8:001:

Thus, withı D 0:00015, it follows thatj2x � 8j < 0:001 if jx � 3j < ı.

2.9996

7.997

7.998

7.999

8

8.001

8.002

2.9998 3 3.0002 3.0004

79. Prove rigorously that lim
x!�1

.4C 8x/ D �4.

SOLUTION Let � > 0 and takeı D �=8. Then, wheneverjx � .�1/j D jx C 1j < ı,

jf .x/� .�4/j D j4C 8x C 4j D 8jx C 1j < 8ı D �:

80. Prove rigorously that lim
x!3

.x2 � x/ D 6.

SOLUTION Let � > 0 and takeı D minf1; �=6g. Becauseı � 1, jx � 3j < ı guaranteesjx C 2j < 6. Therefore, whenever
jx � 3j < ı,

jf .x/� 6j D jx2 � x � 6j D jx � 3j jx C 2j < 6jx � 3j < 6ı � �:
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Preparing for the AP Exam Solutions 
 

 
Multiple Choice Questions 

 

1)   B  2)   A  3)   C  4)   D  5)   E  6)   B 

7)   E  8)   B  9)   C  10)   A  11)   C  12)   A 

13)   D  14)   C  15)   B  16)   B  17)   D  18)   E 

19)   E  20)   B 

 

 

Free Response Questions 

1. a)   
23

8
)

2

3

2
(

1
)

2
(

1

)
2

3
(

1

22

3

)
2

()
2

3
(






















 ff
 

b)  1)(lim
0




xf
x

 

c) No, 1)(lim
0




xf
x

, so neither the left-hand limit nor the right hand limit is infinite, which is needed for the 

graph to have a vertical asymptote. 

d) We know 1sin1  x , so if ,0x  then ,
1sin1

xx

x

x



 and since

xx xx

1
lim0

1
lim





, the Squeeze 

Theorem implies .0
sin

lim 
 x

x

x
  This means the line y = 0 is a horizontal asymptote. 

 

POINTS: 

(a) (2 pts) 1) change in y; 1) answer 

(b) (1 pt) 

(c) (3 pts) 1) “no”; 1) mentioning finite limit; 1) mentioning need for infinite limit 

(d) (3 pts)  1) 
1 sin 1x

x x x


  ; 1)  

xx xx

1
lim0

1
lim





; 1) conclusion 

 

 

2.  a)   The function )(xf
25

107
2

2





x

xx
 is discontinuous at x = 5 and x = –5.   First,  

25

107
lim

2

2

5 



 x

xx

x
 = 

)5)(5(

)2)(5(
lim

5 



 xx

xx

x
 = 

)5(

)2(
lim

5 



 x

x

x
 = 

10

3
. Thus the line  x = 5  is not a vertical asymptote. Next, 

25

107
lim

2

2

5 


 x

xx

x
 = 

5

2
lim

5 


 x

x

x
 =     Thus the line x = –5 is a vertical asymptote. 

 

b)  
25

107
lim

2

2





 x

xx

x
 = 1, so the line y = 1 is a horizontal asymptote. Also 

25

107
lim

2

2





 x

xx

x
 = 1, so the line 

y = 1 is the only horizontal asymptote. 

c) Yes, since 
10

3
)(lim

5



xf

x
, we can let A = 

10

3
. 
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d) No, since )(lim
5

xf
x 

 does not exist, there is no possible value for B. 

 

POINTS: 

(a) (4 pts) 1) “no” for x = 5; 1) Limit is 
10

3
; 1) “yes” for x = –5; 1) infinite limit 

(b) (3 pts) 1) y = 1; 1) Limit at  . 1) Limit at  . 

(c) (1pt)  A = 
10

3
 

(d) (1 pt)  No limit. 

 

 

3. a)  Since 10)(5  xf , if x > 0 then xxxfx 10)(5  . Thus by the Squeeze Theorem )(lim
0

xxf
x 

 = 

0. Next, if x < 0, then   xxxfx 10)(5  . Applying the Squeeze Theorem again, 0)(lim
0




xxf
x

. Thus 

0)(lim)(lim
00




xgxxf
xx

.  Checking the functional value, we have 030)0( g .  Thus 

)0()(lim
0

gxg
x




, so g is continuous at x = 0.  

b) No.  )(lim
)(

lim
0

0)(
lim

000
xf

x

xxf

x

xg

xxx 





, which does not exist. 

POINTS: 

(a) (6 pts) 1) 0)0( g ; 1) if x > 0 then xxxfx 10)(5  ; 1) )(lim
0

xxf
x 

 = 0;  

if x < 0, then xxxfx 10)(5  ; 1) 0)(lim
0




xxf
x

; 1) 0)(lim
0




xg
x

 

(b) (3 pts) 1) Considers 
0

0)(
lim

0 



 x

xg

x
; 1) )(lim

0

0)(
lim

00
xf

x

xg

xx 





; 1) Answer 

 

 

 

4. a) First, 2)6(lim)(lim
44


 

xxf
xx

. Next 282lim)(lim 33

44


 
xxf

xx
. 

       So 2)(lim
4




xf
x

. Also f(4) = 2, which means f is continuous at x = 4.  

b)  50
004.

2.

004.

008.

0004.

)0()004(. 3




 ff
 

 

c) No, 
3/2

3

0

3

00

2
lim

2
lim

0

)0()(
lim

xx

x

x

fxf

xxx 





 does not exist. 

        

POINTS: 

(a) ( 5 pts) 1) 2)6(lim
4




x
x

; 1) 22lim 3

4



x

x
; 1) 2)(lim

4



xf

x
; 1) f(4) = 2; 1) Answer 

(b) (1 pt) 

(c) (3 pts) 1) Considers 
0

)0()(
lim

0 



 x

fxf

x
; 1) 

x

x

x

3

0

2
lim


; 1) 
3/2

3

0

2
lim

xx
 does  not exist. 


